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1 The Molecule of Life

With the 50th aniversary of the discovery of the DNA structure by James
Watson and Francis Crick and the race for the human genome, with all its
controversies and awe-inspiring medical implications, we have all heard a lot
about DNA, the molecule of life.

What makes DNA “the molecule of life”? DNA, or deoxyribonucleic
acid, is the molecule that carries all the genetic information of an organism
(except for some RNA viruses). It can be thought of as a blueprint containing
the instructions that govern the production of proteins and other molecules
essential to cell function. The collections of these instructions is called a
genome. The informational units of the genome are called genes. Genes
are translated into protein via the genetic code, which defines the protein
sequence. This translation process is central to life.

Despite being so important, DNA in reality is a passive molecule. As an
instruction book, all DNA does is to store information. DNA is therefore
like any other data-storing device: it needs to be read, stored, copied and
otherwise manipulated by other biomolecules. These other macromolecules
exist in different forms and types, and interact with DNA in different ways,
e.g., by bending it, copying it, denaturing it, packing it, walking on it, nicking
it, repairing it, etc. All this is done in order to preserve and obey the set
of instructions that give life to the organism. In this sense, there is no life
without genetic information.

As passive as it might be, the DNA molecule bears incredible physical
properties that allow for long genomes to be stored in compact nucleii and
for extreme manipulation resulting in replication and gene regulation. In this
case study, we will introduce you to this wonderful molecule of life. In section
2, you will learn about the chemical components that form DNA. Section 3
will introduce you to the different helical shapes that DNA adopts. In section
4, you will learn of the tight packing that DNA needs to undergo in order
to be stored in the nucleus; the flexibility that DNA must have to make this
possible will be explored in section 5. Finally, section 6 will introduce you
to some of the proteins that manipulate DNA and illustrate the mechanisms
behind protein-DNA interaction.

The figure below lists all the files that were provided with this case study;
you will need them to complete the exercises and to explore further the
molecules presented in the figures.
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DNA case study 

building-blocks 

2endo.pdb
3endo.pdb
adenine.pdb
anti-dAMP.pdb
anti-deoxyadenosine.pdb
cytosine.pdb
dAMP.pdb
dCMP.pdb
dGMP.pdb
dTMP.pdb
guanine.pdb
syn-dAMP.pdb
syn-deoxyadenosine.pdb
thymine.pdb

bases.vmd
nucleotides.vmd
sugar-pucker.vmd
syn-anti.vmd

dna-structure

adna.pdb
bdna.pdb
zdna.pdb

dna.vmd

dna-packing

bdna.pdb
nucleosome.pdb
nucleosome.psf

chromatin.tcl
dna-packing.vmd

dna-flexibility

coil.pdb
coil.psf
dna-ws.psf
dna-ws-eq.dcd

coil.vmd
dna-bend.vmd
rgyr.tcl

protein-dna

1AN2.pdb
1CMA.pdb
1LMB.pdb
1YSA.pdb
at-bdna.pdb
er-ere-ws-ion.psb
er-ere-ws-ion.psf
gc-bdna.pdb

dna-binding-motifs.vmd
dna-recognition.vmd
estrogen-receptor-dna.vmd
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2 The Building Blocks

The DNA molecule is a polymer composed of nucleotides. Each of these
nucleotides is a letter in the “genetic alphabet”. Each nucleotide is formed of
a phosphate group, a sugar and a nitrogenous base (Fig. 1). Two nucleotides
are connected by a phosphodiester bond, in which a phosphate group links
the 3’-hydroxyl group of one nucleotide to the 5’-phosphate group of the next,
giving rise to directionality in the polynucleotide chain. By convention, we
refer to DNA sequences from the 5’ to the 3’ end, which corresponds to the
direction in which they are synthesized and read by other molecules.

Figure 1: Each nucleotide in DNA is composed of a phosphate group, a sugar (2’-
deoxyribose), and a nitrogeneous base (adenine, in this case). On the right you can see how
the directionality of the polynucleotide chain comes about. You can explore the structures
of all nucleotides yourself with the VMD saved state building-blocks/nucleotides.vmd.
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The base defines the type of nucleotide. There are two types of bases in
DNA: purines and pyrimidines. The two main purines that occur in DNA are
adenine (A) and guanine (G). As for pyrimidines, cytosine (C) and thymine
(T) are typically found (Fig. 2).

Figure 2: Nitrogeneous bases occurring in DNA: adenine (A) and guanine (G) are
purines, whereas cytosine (C) and thymine (T) are pyrimidines. You can explore the
structures of the bases with the VMD saved state building-blocks/bases.vmd.

The sugar ring is generally non-planar, and determines the structure of
DNA, as we will see later. It can be puckered with one or two adjacent atoms
out of the plane formed by the remaining atoms. Atoms displaced from these
three- or four-atom planes and on the same side as C5′ are called endo; those
on the opposite side are called exo (Fig. 3). Besides, the base can adopt
two main orientations relative to the sugar, called syn and anti, as shown in
figure 4 [1].

3 Nucleic Acid Structure

As in the case of proteins, the nucleic acid structure is divided hierarchically
into primary, secondary, and tertiary structures. The primary structure cor-
responds to the linear sequence of nucleotides, just as in proteins the primary
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Figure 3: Main sugar puckering modes observed in DNA. You can examine
the differences between these two main conformations with the VMD saved state
building-blocks/sugar-pucker.vmd.

structure corresponds to the sequence of amino acid residues. The determi-
nation of the sequence of large nucleic acids reveals the genetic information of
an organism, a task that has turned from impossible into routine in a matter
of a few decades. Today, the entire genomes of hundreds of organisms from
all domains of life are known, including the genomes of the bacterium E.
coli, the fruit fly, the dog, and human. Indeed, sequencing of short segments
of DNA is done routinely in many laboratories. Currently, researchers are
pushing for advances in nanotechnology that will permit us to sequence en-
tire genomes whithin days at low cost; a twenty million dollar prize has been
announced for the team that pushes the cost below $1000.

The secondary structure of DNA refers to the different helical arrange-
ments adopted by the molecule, the principal forms being described in this
section. The tertiary structure of DNA corresponds to higher-order struc-
tures that it adopts in different cellular contexts, the most remarkable being
chromosome packing, explained in Section 4.

3.1 The DNA Double Helix

The discovery of the DNA double helix is one of the most fascinating chap-
ters in the history of science. DNA was first isolated and characterized by
Friedrich Miescher in the 19th century [2], but it wasn’t until 1944 that it
was shown to be the unit of inheritance by Oswald T. Avery, Colin MacLeod,
and Maclyn McCarty [3]. They found that DNA extracted from a virulent
strain of the bacterium Streptococcus pneumoniae, genetically transformed a
nonvirulent strain of this organism into a virulent form [4]. Further evidence
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Figure 4: Syn and anti orientation about the glycosil bond for the nucleoside 2’-
deoxyadenosine. A nucleoside is the same as a nucleotide without the phosphate group.
You can explore the differences on the structures of the syn and anti forms with the VMD
saved state building-blocks/syn-anti.vmd.

that the DNA carries the genetic information came from Alfred D. Hershey
and Martha Chase’s work, in 1952 [5]. They showed that when the bacterial
virus (bacteriophage) T2 infects its host cell, E. coli, it is the DNA, not the
protein, that enters the host cell and furnishes the genetic information for
viral replication [4]. Chargaff and colleagues, in the late 1940s, discovered
that adenine and thymine always appear in equal number in DNA, as do
guanine and cytosine. These quantitative relationships (A=T and G≡C)
became known as the “Chargaff’s rules” [6].

Rosalind Franklin and Maurice Wilkins studied the X-ray diffraction pat-
tern of DNA fibers. Without the benefit of the X-ray diffraction patterns of
DNA fibers, Linus Pauling and Robert Corey proposed in 1953 that the DNA
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was a triple helix [7]. Soon after, James Watson and Francis Crick published
what is probably the most famous paper in biology [8], describing the DNA
as a right-handed, anti-parallel double helix with a specific pattern of base
pairing (isomorphous A=T and G≡C pairs), accounting for all experimental
evidence available thus far, including Chargaff’s rules (Fig. 5). Their model
was purely theoretical, based on available experimental data, including ac-
cess to Franklin’s DNA images without her knowledge. There is evidence that
she was on the right track when Watson and Crick published their model [9],
which gave rise to a big controversy, especially because only Crick, Watson
and Wilkins shared the 1962 Nobel Prize in Physiology and Medicine.

In their model, Watson and Crick revealed that DNA formed a double
helix, with a helix rise per base pair (helical pitch) of 3.4 Å, and 10 base pairs
(bp) per helical turn. In solution the structure is somewhat different from
that in fibers, having 10.5 bp per turn. Two grooves with different width and
depth can be identified on the surface of the helix, due to the offset between
the strands, and are referred to as major and minor grooves (Fig. 5).
The base-base interaction that contributes the most to the stabilization of
the double helix is perpenticular to the helix axis (base stacking), stabilized
mainly by London dispersion forces and hydrophobic effects [1].

The two DNA strands are complementary, and the specificity is given
by Watson and Crick base pairing, which we write as A=T and G≡C in
order to emphasize the fact that they form two and three hydrogen bonds,
respectively (Fig. 5). The complementarity of the double helix permitted
us to understand how the genetic information can be accurately replicated,
which literally caused a revolution in the biological sciences.

3.2 Structural variants of DNA

After the discovery of the DNA structure by Watson and Crick, it was re-
vealed that DNA can occur in several different structural forms. It became
apparent with the first X-ray diffraction patterns of DNA fibers that two
different allomorphs existed, which Rosalind Franklin termed A- and B-
DNA [10]. The main difference between the A and B forms is the sugar
puckering mode, C3′-endo for A and C2′-endo (or the equivalent C3′-exo) for
B form [1]. The Watson-Crick structure corresponds to what is called B-
DNA, the most stable structure for a random-sequence DNA molecule under
physiological conditions, whereas the A form is favoured in solutions rela-
tively devoid of water [4] (Fig. 6).
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Figure 5: Three different representations of the DNA double helix model proposed by
Watson and Crick (top). Two adjacent Watson-Crick base pairs (A=T and G≡C) are
depicted, emphasizing the hydrogen bonds between the bases (bottom). You can explore
this structure with the VMD saved state dna-structure/dna.vmd.

All the structural information of DNA until 1970s was derived from X-
ray diffraction of DNA fibers. Interestingly, the first single-crystal X-ray
diffraction revealed a totally unexpected left-handed double helical structure
[11]. Due to the zigzag arrangement of the backbone it was termed Z-DNA,
and only one groove is apparent, which is analogous to the minor groove in
B-DNA [12]. Other characteristics are summarized in Table 1.
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Figure 6: Structural variants of DNA. With the VMD saved state
dna-structure/dna.vmd, you can explore the structural differences between the
main DNA forms depicted above.

Z-DNA is a transient structure, stabilized by negative supercoiling which
is generated both by the unwrapping of DNA from nucleosomes and by the
RNA polymerase complex itself. There exist also sequences that favor Z-
DNA formation which oftentimes occur in the beginning of genes. Besides,
proteins that specifically bind Z-DNA have been discovered, establishing a
biological role for Z-DNA [12].
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A-DNA B-DNA Z-DNA
Helical sense Right handed Right handed Left handed
Diameter ∼ 26Å ∼ 20Å ∼ 18Å
Base pairs per helical turn 11 10.5 12
Helical rise per base pair 2.6 Å 3.4 Å 3.7 Å
Base tilt normal to the helix axis 20 ◦ 6 ◦ 7 ◦

Sugar pucker conformation C3′ -endo C2′ -endo C2′ -endo for pyrimidines;
C3′ -endo for purines

Glycosyl bond conformation Anti Anti Anti for pyrimidines;
syn for purines

Table 1: Summary of the differences between the three main DNA double-helical con-
formations (from [4]).

Exercise 1: Double helix of DNA. In this exercise, you are going to ex-
plore the various structures of double helical DNA. Load the VMD saved state
dna-structure/dna.vmd, which contains the structures of A, B, and Z-DNAa.

1. Measure the distance between two contiguous base pairs (helical rise) in each
of the structures.

2. Make a H-bonds representation (use a distance cutoff of 3.2 Å) for a G≡C and
an A=T pair and create a snapshot. How many hydrogen bonds are there in
each case?

3. When segments of DNA are subject to high temperature, the double helix melts.
There is a difference in melting temperature between segments with high A=T
and G≡C content. Which case would correspond to the higher melting temper-
ature? Explain this difference based on Watson-Crick base pairing.

4. Create a van der Waals representation for each structure with one color for the
backbone (you can use the keyword “backbone” in the selection) and another
for the nucleoside (“not backbone”). Create a snapshot, identifying the major
and minor grooves (see text), as well as the helical sense (right or left handed
helix) for each DNA form. Measure the size of the major and minor grooves for
each DNA form.

aThe PDB files were obtained from
http://chemistry.gsu.edu/glactone/PDB/pdb.html
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4 DNA packing inside the cell

The genetic information of a cell is stored in DNA. Each cell contains the
whole genome of the organism. In prokaryotes, the DNA is simply contained
in the cell; in eukaryotes, the DNA is tightly packed inside the nucleus.
Typically, if one stretched the DNA contained inside a cell, its length would
be thousands of times larger than the cell itself. Figure 7 shows a photograph
of an E. coli cell placed in a solution with a high salt concentration, which
caused the cell to burst and eject the DNA it contained. You can appreciate
from the image that DNA needs to be packed very efficiently inside the cell.

Figure 7: Photography of an E. coli bacterium with its genomic DNA extruded onto an
electron microscope slide. E. coli is about 1-2 µm long. Its circular genome has 2 million
base pairs, which is about 1000 times longer than the bacterium itself. The mass in the
center is what’s left of the bacterium after lysis [13]. On the right, an E. coli cell for
comparison.

The DNA stored in each human cell has a total length of about 6 feet or
1.8m; the size of a typical human cell is 10−5 m. The DNA inside a human cell
is packed into the nucleus to occupy only 10% of the total cellular volume. For
such efficient packing, DNA needs to be folded into higher-order structures.
Figure 10 shows the different scales of DNA packing inside the nucleus.

The hierarchical packing of DNA is carried out by specialized proteins,
the most abundant of which are called histones. In fact, there is about the
same mass of histones as there is mass of DNA in a cell’s nucleus. Histones
are small proteins with a high positive charge (they contain many lysine and
arginine residues), which helps the histones bind tightly to DNA. Eight his-

12



Figure 8: Crystal structure of the nucleosome: complex between the histone core and a
146 bp long DNA fragment [14] (PDB code: 1AOI). You can explore the structure of the
nucleosome with the VMD saved state dna-packing/dna-packing.vmd.

tone proteins form a disc or “histone core”, around which 146 DNA base pairs
wrap; this is the fundamental packing unit and is known as the nucleosome
(Fig. 8). The long DNA chains extend continuously from nucleosome to nu-
cleosome. Each nucleosome is separated from the next by “linker DNA”,
forming a structure like the one shown in Figure 10a, called “beads in a
string”. The positions in the DNA sequence where nucleosomes are formed
are determined by the flexibility of the DNA in that region. We will look at
DNA flexibility in the next section.

Figure 9: Model of the chromatin fiber. The histone cores are represented by spheres,
and the DNA by a twisted ribbon. You can explore the structure of this chromatin model
by using the Virtual DNA Viewer plugin in VMD (see Exercise 2) .

Another set of proteins help nucleosomes pack into a higher order struc-
ture called chromatin. In chromatin, nucleosomes are packed one upon
another to generate regular arrays in which DNA is even more condensed.
Chromatin is a fiber with a diameter of about 30 nm (Fig. 10b).
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Figure 10: The DNA of a cell is packed in the nucleus in a wide range of length scales.
Figure taken from [15].

Even in this fibril form, the DNA would be hundreds of times longer than
a cell. Chromatin fibers pack into higher-order structures called chromo-
somes. Despite knowing the structures of chromosomes (Fig. 10, c and d),
the underlying mechanism of further compression of chromatin into chromo-
somes remains unknown. It is known that the shape is important for reg-
ulation of gene expression. In humans, there are 23 different chromosomes,
and each organism contains two copies of each, one copy inherited from each
parent. Twenty-two of the pairs are identical, called homologs. The 23rd

chromosome is the sex chromosome; in males, this is a nonhomologous pair.
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Exercise 2: Hierarchical packing of DNA. The structure of chromatin depends
highly on the ability of DNA to be bent into more compact structures. Load the
VMD saved state dna-packing.vmd and explore the structure of the DNA molecule
presented.

1. Turn off the “DNA” molecule and turn on the “nucleosome” molecule.

(a) Highlight the positive residues of the protein (you can use the keyword
“basic” in a VMD representation) and comment on their location. Note
that the phosphate group of each base carries a negative charge, therefore,
for 146 base pairs, the DNA around the histone core has a charge of -
292e. Find the total charge of the histone core (type the following in
the VMD TkConsole: eval "vecadd [[atomselect 1 protein] get
charge]"). Try to rationalize the difference (Hint: Only one side of DNA
is bound to the histone. How does the neutralization of only one side of
the DNA increases its ability to bend?).

(b) Measure the radius of curvature of the DNA wrapped around the histone
proteins (hint: assume that the nucleosome is spherical, i.e., constant
curvature and measure its radius). You will use this information in a later
section when we study the flexibility of DNA.

(c) Measure the diameter of the whole complex.

(d) Measure the distance between the ends of the DNA. You will use this
information in the next section.

(e) Approximately, in how many turns does the left-handed DNA superhelix
wrap around the histone core? You can obtain this number by looking
or by using the radius of curvature and the length of the DNA molecule
(146 bp, with 3.4 Å per bp.)

2. Turn off the “nucleosome” molecule. Go to “Extensions”, select “Visualiza-
tion”, select “Virtual DNA Viewer”. In the plugin window that opens, click on
“Default” and select “Chromatin1”, then click on “Draw It”. This is a coarse-
grained model of the chromatin fibera. Explore the chromatin model; note the
helical structure of the fiber (Note: This is a graphical object in VMD, you can
not pick atoms or measure distances).

(a) How many histones are there per pitch of the helix?

(b) Is it a right-handed or a left-handed helix?

(c) Calculate the approximate diameter of the helix based on the diameter of
the complex you obtained.

aprovided by Tom Bishop

15



5 DNA flexibility

The DNA double helix in solution has a shape very different from the classical
straight DNA configuration in which this molecule is famously depicted. In
reality, DNA is a flexible

polymer subject to thermal fluctuations. A polymer is a long chain of
similar repeated units, in which each unit is composed of many atoms. At
equilibrium, the orientation between the different units is the same, but when
subject to thermal fluctuations, the adjacent units differ in direction and are
poorly correlated. This results in long molecules of DNA in solution behaving
like a random coil (Fig. 11a).

As we saw in the previous section, the flexibility of DNA is essential for
fitting long DNA molecules into the cell. Other cellular processes such as
genetic regulation and binding of drugs and proteins to DNA also rely on the
elastic properties of this molecule. If DNA behaves as a random coil in the
cell, it is reasonable to consider using mathematical models of polymers to
study its elastic properties.

Figure 11: Flexibility of DNA: (a) configuration of a real DNA molecule in solution,
taken from [16], (b) freely jointed chain model, (c) discrete worm-like chain model (d)
continuous worm-like chain (elastic rod model).

In this section you will see that using a simple model for polymers, DNA
can be described with great accuracy. Many models of DNA have been
developed that account for various of its physical characteristics, such as
its bending and twisting flexibility, electrostatics and sequence-dependent
properties [17, 18, 19, 20, 21]. Most of these models introduce corrections to
the model presented here, and they reproduce the behaviour of DNA more
accurately.

We begin by assuming that DNA is a chain of linked segments of length
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l, that are connected by flexible linkers that can rotate freely (Fig. 11b). The
contour length of the molecule is Nl, where N is the number of segments.
The end-to-end distance vector is defined as:

R =
∑

i

li, (1)

where li is the vector representation of the segment i. The square of the
magnitude of r can be used as a characteristic length of the chain, and is
given by

R2 =

(
n∑
i

li

)(
n∑
j

lj

)
. (2)

Factoring the diagonal terms i = j and taking the average over all possible
configurations1 we get the mean square end-to-end distance〈

R2
〉

= Nl2 + 2
∑
j>i

〈li · lj〉 . (3)

For random orientation of the segments (Fig. 11c), the second term on the
right hand side is zero, thus 〈

R2
〉

= Nl2, (4)

which is the mean square end-to-end distance for the so-called freely jointed
chain (FJC) model, the simplest model for describing polymers. The FJC
model works only for large values of N , and generally describes the confor-
mations of polymers poorly, mainly because it neglects interactions between
the polymer with itself (the polymer self-crosses often). As an example, this
model gives an average end-to-end displacement 〈R〉 = 0, which is not what
you would expect to observe of a polymer in solution.

A widely used measure for the characterization of the configuration of a
polymer is the radius of gyration (RG), which measures the root-mean-
square distance of the collection of segments from their common center of
mass, i.e.

R2
G =

1

N + 1

N∑
i=0

(ri − rcm)2 (5)

1All averages hereupon are taken in the same way.
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where rcm is the vector defining the coordinates of the center of mass (rcm =∑
j mjrj, mj and rj being the mass and the position of segment j, respec-

tively). The radius of gyration can be measured from particle scattering
experiments [22]. The radius of gyration can also be expressed in terms of
the average mean square end-to-end distance 〈R2〉. To find this relation, we
use the theorem of Lagrange [23]:

R2
G =

1

(N + 1)2

∑
0≤i<j≤N

r2
ij (6)

where rij is the length of the vector connecting segments i and j. Averaging
over the statistical ensemble gives〈

R2
G

〉
=

1

(N + 1)2

∑
0≤i<j≤N

〈
r2
ij

〉
. (7)

Using (4), for N = j − i 〈
r2
ij

〉
= (j − i)l2. (8)

Thus,

〈
R2

G

〉
=

l2

(N + 1)2

∑
0≤i<j≤N

(j − i)

=
l2

(N + 1)2

N∑
j=1

j∑
k=1

k

=
l2

2(N + 1)2

N∑
j=1

(j2 + j) (9)

where we have introduced the change of variable k = j − i. We note that

N∑
j=1

(j2 + j) =
N(N + 1)(2N + 1)

6
+
N(N + 1)

2
. (10)

For large N , this is approximately N3/3, which gives, using (9) and (4),

〈
R2

G

〉
≈ Nl2

6
=
〈R2〉

6
. (11)
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Another useful quantity is the persistence length (lp), defined as the
average projection of the end-to-end vector onto an arbitrary vector li, in the
limit of an infinite chain, i.e.

lp = lim
N→∞

〈
N∑

j=i

li ·
lj
l

〉
. (12)

The persistence length is a measure of the rigidity of the molecule, or a
measure of the length over which there is significant correlation between the
directions of two segments. In order to relate the persistence length to the
mean square end-to-end distance, we rewrite (3) in the following way:

〈
R2
〉

= Nl2 + 2
∑
j>i

〈li · lj〉 (13)

= Nl2 + 2
N∑

j=2

〈l1 · lj〉+ 2
N∑

j=i+1

N∑
i=2

〈li · lj〉 (14)

For large N , the first summation above corresponds to (12), except that it
starts from j = 2. Therefore,

N∑
j=2

〈l1 · lj〉 = llp − l2 (15)

It is clear that every term in the second summation of (14) also contributes
with llp − l2. Thus,〈

R2
〉

= Nl2 + 2N(llp − l2) = 2Nllp −Nl2 (16)

or

lp =
〈R2〉+Nl2

2Nl
(17)

for large N . As we saw in (4), the mean square end-to-end distance for the
FJC model is give by 〈R2〉 = Nl2. Thus, for this model the persistence length
is simply given by lp = l.

Now we consider the statistical distribution of the end-to-end vector. Let
Φ(R, N) be the probability distribution function of the end-to-end vector of
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a chain of N segments being R. The conformational distribution of the chain
can be considered as a product of independent conformations of the segments

Ψ ({rn}) =
N∏

n=1

ψ(rn) (18)

where ψ(rn) is the random distribution of a segment with length l

ψ(rn) =
1

4πl2
δ (|rn| − l) (19)

Φ (R, N) is calculated by

Φ (R, N) =

∫
dr1

∫
dr2 . . .

∫
drNδ(R−

N∑
i=1

rn)Ψ ({rn}) . (20)

Using

δ(r) =
1

(2π)3

∫
dke(ik·r), (21)

one can rewrite (20) as

Φ (R, N) =
1

(2π)3

∫
dr1

∫
dr2 . . .

∫
drN exp (ik · (R−

N∑
i=1

rn)Ψ ({rn})

=
1

(2π)3

∫
dke(ik·R)

∫
dr1 . . .

∫
drN

N∏
n=1

e(−ik·rn)ψ(rn)

=
1

(2π)3

∫
dke(ik·R)

[∫
drne

(−ik·rn)ψ(rn)

]N

(22)

The integral over r is evaluated by introducing polar coordinates (r, θ, φ); the
reference axis of θ being taken along the vector k, giving

∫
dre(−ik·r)ψ(r)

=
1

4πl2

∫ ∞

0

drr2

∫ 2π

0

dφ

∫ π

0

dθ sin θ exp(−ikr cos θ) δ(r − l)

=
sin kl

kl
(23)
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where k = |k|. From equations (22) and (23)

Φ(R, N) =
1

(2π)3

∫
dk eik·R

(
sin kl

kl

)N

. (24)

If N is large, (sin kl/kl)N becomes very small unless kl is small. For kl� 1,
(sin kl/kl)N can be approximated as(

sin kl

kl

)N

'
(

1− k2l2

6

)N

' exp

(
−Nk

2l2

6

)
. (25)

This approximation holds also for kl ≥ 1 since both sides of equation (25)
are nearly zero in such a case. Thus Φ(R, N) is calculated as

Φ(R, N) =
1

(2π)3

∫
dkeik·R exp

(
−Nk

2l2

6

)
. (26)

The integral over k is a standard Gaussian integral∫ ∞

−∞
dx exp(−ax2 + bx) = (π/a)1/2 exp(

b2

4a
) (27)

If kα and Rα (α = x, y, z) denote the components of the vectors k and R,
then,

Φ(R, N) = (2π)−3
∏

α=x,y,z

[∫ ∞

−∞
dkα exp(ikαRα −Nk2

αl
2/6)

]

= (2π)−3
∏

α=x,y,z

(
6π

Nl2

)1/2

exp

(
− 3

2Nl2
R2

α

)
= (3/2πNl2)3/2 exp

(
− 3R2

2Nl2

)
. (28)

Thus the distribution function of the end-to-end vector is Gaussian.
A correction to the FJC model is made by the freely rotating chain or

worm-like chain (WLC) model. In this model, the nth bond is connected
to the (n− 1)th bond with a fixed angle θ, but can rotate freely around the
(n − 1)th bond (Fig. 11c). For this model, the second term in (3) does not
average zero. In order to find 〈li · lj〉, we first look at adjacent links
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〈li · li+1〉 = l2 cos θ. (29)

We can denote α = cos θ. In order to calculate the average of the projection
of bond i + k on i, we note that the inner product of li and projection of
li+k in the transverse direction of li+k−1 average zero. The inner product of li
and the projection of what remains in the transverse direction of li+k−2 also
average zero, and so on. Thus,

〈li · li+k〉 = l2αk, (30)

Introducing this into (3), we have

〈
R2
〉

= Nl2 + 2
∑
j>i

l2αj−i (31)

= Nl2 + 2l2
N∑

j=1

αj

j−1∑
i=1

1

αi
. (32)

The sum of the first n+ 1 terms of a geometric series is given by

n∑
k=0

yk =
1− yn+1

1− y
, (33)

so that

j−1∑
i=1

(
1

α

)i

=
1− α−j

1− α−1
− 1 =

1− α1−j

α− 1
, (34)

which yields

〈
R2
〉

= Nl2 + 2l2
N∑

j=1

αj

(
1− α1−j

α− 1

)

= Nl2 +
2l2

α− 1

[(
N∑

j=1

αj

)
−Nα

]

Using (33) again
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N∑
j=1

αj =
1− αN+1

1− α
=
α− αN+1

1− α
(35)

we obtain

〈
R2
〉

= Nl2 +
2l2

α− 1

[
α− αN+1

1− α
−Nα

]
(36)

= Nl2 +
2l2

(α− 1)2

(
Nα−Nα2 + αN+1 − α

)
(37)

Rearranging terms leads to

〈
R2
〉

= Nl2
[
1 + α

1− α
+

2α(1− αN)

N(α− 1)2

]
(38)

For large N , we can neglect the last term, obtaining〈
R2
〉
≈ Nl2

1 + α

1− α
. (39)

The mean square radius of gyration for the WLC model can be obtained
by combining (38) and (7). As before, we introduce the change of variable
k = j − i,

〈
R2

G

〉
=

l2

(N + 1)2

N∑
j=1

j∑
k=1

k

[
1 + α

1− α
+

2α

(α− 1)2

(
1

k
− αk

k

)]
(40)

Using (33),

〈
R2

G

〉
=

l2

(N + 1)2

N∑
j=1

{(
1 + α

1− α

)
j(j + 1)

2
+

2α

(α− 1)2

[
j − 1− αj+1

1− α
+ 1

]}
(41)

Introducing (10),

〈
R2

G

〉
=

l2

(N + 1)2

{(
1 + α

1− α

)
1

2

[
N(N + 1)(2N + 1)

6
+
N(N + 1)

2

]
+

+
2α

(α− 1)2

[
N(N + 1)

2
− N

1− α
+N +

N∑
j=1

αj+1

1− α

]}
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we can evaluate the sum above using (33)

N∑
j=1

αj+1 =
N∑

k=2

αk =
1− αN+1

1− α
− 1− α =

α2 − αN+1

1− α
. (42)

Thus, rearranging some terms, yields

〈
R2

G

〉
=

l2

(N + 1)2

{(
1 + α

1− α

)
1

2

[
N(N + 1)(2N + 1)

6
+
N(N + 1)

2

]
+

+
α

(α− 1)3

[
2(N + α2 − αN+1)− (1− α)(N2 +N + 2)

]}
For large N , holds then

〈
R2

G

〉
≈ Nl2

6

1 + α

1− α
≈ 〈R2〉

6
(43)

The persistence length for the WLC model can be readily calculated from
(17) and (39):

lp =
l

1− α
(44)
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Exercise 3: Chain of DNA. In this exercise, you will look at a random coil model of a
DNA molecule and compare the results given by the WLC model with those measured
in vivo. Load the VMD saved state coil.vmd. This is a WLC representation of DNA.
There are 100 configurations. Explore the differences between them. Note that the
units of this saved state are nm (generally, VMD saved states are in Å).

1. Find the contour length of the DNA molecule in nm (hint: measure the length
of the segment and find the number of segments, given by Natoms − 1 for this
saved state). How many base pairs does this correspond to?

2. Calculate the persistence length of this molecule (hint: measure the length of
the segment and the fixed angle θ between two segments). How many base
pairs does this correspond to? Compare to the contour length of the molecule.

3. Measure the end-to-end distance (R) of DNA for each frame and calculate the
average. Do this by creating a label between the first and last atoms in the
chain and saving the data from the Graphics→Labels menu in VMD.

4. Calculate
〈
R2
〉

in the same way you calculated 〈R〉. Compare to the average
value for the WLC model for this length of DNA using (39).

5. The radius of gyration of a DNA molecule of this length is 117 nm [22]. Compare
with the calculated value using (43). Obtain the average radius of gyration from
the sample configurations by sourcing the VMD script rgyr.tcl.

Making the length of the segment small, the WLC model can describe a
continuous rod, corresponding to the so-called elastic rod model. In this
case, the rod is described by a coordinate s along its length or centerline
(Fig. 11d). Let r(s) be the position of a point along the chain, and the
unitary vector

t(s) =
dr

ds

/∣∣∣∣drds
∣∣∣∣ (45)

the tangent to the chain at this point. The curvature κ is defined as

κ(s) =
∂t

∂s
, (46)

related to the radius of curvature of the molecule as κ = 1/Rc (Fig. 11d).
For small bending, the change in the free energy can be expanded in a

Taylor series in κ
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dU =
dU

dκ
κ+

1

2

d2U

dκ2
κ2 + . . . (47)

At equilibrium, the rod is in an energy minimum and thus the first term
on the right hand side is zero. Terms of higher order than κ2 are neglected.
Therefore, analogous to Hooke’s law, the energy must be of a quadratic form:

U =
1

2
A

∫ L

0

κ2(s)ds (48)

where L is the length of the rod, and A = d2U/dκ2 is a constant related to
the rigidity of the molecule.

The bending of the chain is related to thermal motion, and the probabil-
ity of an energy U due to bending is proportional to the Boltzmann factor

exp
(
−U
kbT

)
:

Ψ(t) ∝ exp

(
− U

kBT

)
= exp

[
− 1

4λ

∫ L

0

ds κ2(s)

]
(49)

where

λ =
kBT

2A
. (50)

It can be shown that the persistence length is

lp =
1

2λ
=

A

kBT
(51)

where kB is the Boltzmann’s constant, and T the temperature of the solution.
The constant A is called the bending modulus. This quantity has been
measured in several experiments; the widely accepted value of A is 1.5 ·
10−19 erg · cm [24, 25, 26].

From (49) we can obtain the orientation correlation function of t

〈t(s) · t(0)〉 = exp (−s/lp) . (52)

Therefore, lp is the distance measured down the chain at which the orienta-
tional correlation function drops to 1/e of its value. The persistence length
can be measured experimentally [27, 25], and the widely accepted value for
the persistence length of B-DNA is 50 nm.
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Although the WLC model presented above does not implicitly account for
volume exclusion, the introduction of an angular constraint between segments
avoids much of the self-crossing, which only occurs between distant segments.
A correction can be introduced in case this needs to be accounted for [? 23].
The WLC has been a very successful model for describing DNA stretching
experiments, and is used for data interpretation very successfully [28].

Exercise 4: Nucleosome revisited. In the previous section, you learned that DNA
is wrapped around the histone core in a very compact configuration.

1. How does the persistence length of DNA given in the text compare to the length
of the DNA in the nucleosome?

2. How does it compare to the curvature you found in the nucleosome?

3. In exercise 2, you obtained the end-to-end distance of the DNA in the nucleo-
some. What is the probability that this configuration of DNA occurs in solution
(no protein constraints)?

4. According to the WLC model, estimate the energy required to bend DNA into
such compact configuration.

5. For this configuration to occur, the interaction energy between the protein and
the DNA must be of a similar magnitude. From the structure of the nucleosome
you explored before, give examples of interactions between protein and DNA that
would account for this.

6 Protein-DNA Interaction

So far, we have considered that a DNA segment shorter than the persistence
length behaves as a straight stiff rod. In reality, the sequence of DNA affects
its bending and twisting properties. We discussed earlier that nucleosomes
form in regions where the DNA is more prone to bend. Furthermore, other
environmental factors such as salt concentration, temperature and pressure
affect the structure of DNA.

The deviation from the straight double helix at equilibrium can be so
prominent that one can observe DNA sequences of the order of the persistence
length of DNA that form a circle without being covalently bonded at the
ends! (Fig. 12). The study of the sequence-dependent properties of DNA is
an active field of research [29, 30, 31], in view of the fact that the sequence
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greatly influences the behaviour of the molecule in solution and its interaction
with other macromolecules.

Figure 12: Electron micrograph of DNA segments with 200 base pairs that present highly
bent shapes (sometimes circles) due to their sequence. Image taken from [32].

Exercise 5: Intrinsic curvature of DNA. Load the saved state dna-bend.vmd.
This is an equilibration of DNA with sequence AGGTCACAGTGACCTGGG. Play the
equilibration.

1. Note that at the end of the equilibration, the DNA molecule has lost its straight
form. Make a figure of the beginning and ending structures, and draw a line
along the centerline of DNA to show the bend introduced.

2. Look at the ions that are close to the DNA structure. What kind of ions are
they? What is their charge? Can you locate certain regions of the DNA structure
in which they stay for long periods of time? Why would ions populate those
regions?

We have mentioned that there are several “active” molecular players that
manipulate DNA to use the information contained in it. A very important
class of molecules that do so are proteins that bind to DNA and manipulate
it without altering its double helical structure. A great number of these
proteins are involved in gene regulation, such as the lac repressor, the CAP
protein, and others.

With the whole genome present in the nucleus, the cell has to select
which genes are expressed at a given place and time. The selection process is
carried out mainly by proteins that recognize sites in DNA, signaling genes to
be turned on or off. Several protein motifs have been identified that recognize
DNA; before we examine these motifs, let us look at how proteins recognize
DNA.
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6.1 Proteins have motifs to bind and recognize DNA

In order to recognize DNA, proteins do not require access to the hydrogen
bonds between the base pairs in the interior of the double helix to discern
between sequences. Instead, they can recognize the edge of a base pair from
the outside of the helix, which presents a unique pattern of hydrogen bond
donors and acceptors (Fig. 13). In the major groove (c.f. Fig. 5), the distinc-
tion between the four base pairs is unique, and therefore proteins generally
bind to the major groove.

Figure 13: The different base pairs in DNA can be recognized from the helix grooves
without the need to open the double helix. The four possible configurations of base pairs
are shown. The edge of each base pair contains a distinctive pattern of hydrogen bond
donors, acceptors and methyl groups. From the major groove, each base pair projects a
unique pattern of features. Adapted from [32]. You can explore the recognition of the
base pairs by yourself with the VMD saved state protein-dna/dna-recognition.vmd.

Sequence recognition in the grooves at the base pair level shows that pro-
teins can recognize a sequence of DNA very specifically. The physical mech-
anism for recognition is surface complementarity, where the protein makes
a large number of contacts with DNA. Such contacts are of three different
kinds: hydrogen bonding, ionic and hydrophobic contacts. The intrinsic bend
of DNA for different sequences is known to increase the ability of proteins
to differentiate between sequences. Very likely, protein and DNA structures
evolved jointly to favor a very tight complementarity. During this evolu-
tionary process, protein DNA-binding motifs emerged. The most common
known motifs are explained below and presented in Fig. 14.
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Figure 14: DNA binding motifs: (a) helix-turn-helix (λ-repressor, PDB code 1LMB [33]),
(b) zinc fingers (estrogen receptor, PDB code 1GLU [34]), (c) leucine zipper (yeast Gcn4
protein, PDB code 1YSA [35]), (d) helix-loop-helix (transcription factor Max, PDB code
1AN2 [36]), and (e) β-sheet (bacterial met repressor protein, PDB code 1CMA [37]). You
can explore the protein-DNA binding motifs in these protein complexes with the VMD
saved state protein-dna/binding-motifs.vmd.

The helix-turn-helix consists of two helices of at least six amino acids
connected by a short extended strtech of amino acids that form the “turn”.
One of the helices is called the “recognition helix” as it binds to the major
groove of DNA. This motif exists often in a homodimeric form, allowing the
protein to bind DNA from both sides of the double helix for best recognition.

The zinc fingers exhibit a helix that binds DNA in the major groove,
and one or more zinc ions that stabilize the interactions between the protein
and DNA. Zinc fingers are often found in nuclear hormone receptors.

The leucine zipper consists of two helices joined to form a coiled-
coil, held together by interactions between hydrophobic amino acids, often
leucines, at each side of the helix. The ends of each helix bind to the major
groove of DNA on both sides of the double helix, like a clothespin. This
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motif can be a heterodimer, which results in greater specificity.
The helix-loop-helix, which is different from the helix-turn-helix motif,

consists of a long helix, and a loop that permits a shorter helix to fold back
and pack against the first helix, allowing both helices to make contacts with
DNA. This motif also exists often in a dimeric form.

Besides helices, proteins can also use β-sheets to recognize DNA; they
do so by inserting two-stranded β-sheets into the major groove of DNA.

6.2 Nuclear hormone receptors

Nuclear hormone receptors form a class of proteins that get activated by small
molecules called hormones, that signal them to bind to specific sequences of
DNA and serve as on-off switches for expression of genes in the cell nucleus.
These switches control the development and differentiation of skin, bone and
behavioral centers in the brain, as well as the continual regulation of repro-
ductive tissues. Hormones are signaling molecules that exert their function
by traveling through the bloodstream and interacting with cells in a variety
of target tissues.

An example of a nuclear hormone is estrogen. The breast and the uterus,
which play central roles in sexual reproduction, are two of the main targets
of estrogen. In addition, estrogen molecules act on the brain, bone, liver, and
heart. Estrogen acts on these cells by binding estrogen receptors, which are
found only in cells that are targets for estrogen action. In this way, estrogen
circulates in the bloodstream, but only exerts effects on the cell that contain
receptors.

When an estrogen molecule enters a cell that contains receptors, it binds
to its receptor, causing it to change its shape. In this new shape, the receptor
recognizes a specific sequence of DNA, located near genes that are controlled
by estrogen. The binding of the estrogen receptor to DNA induces gene
expression, influencing the cell behavior in different ways, depending on the
cell type involved. In liver cells, for example, estrogen alters the production
of proteins that influence cholesterol levels in the blood.
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Exercise 6: Changes in DNA structure induced by a protein. Load the saved
state estrogen-receptor-dna.vmd. The molecule you loaded is part of the human
nuclear estrogen receptor protein [34]. This is an equilibrated structure of the estrogen
receptor-DNA complex. The DNA sequence it recognizes is the same as the one you
looked at in exercise 5. Look at the different representations of the molecule (turn on
the ones that are not shown).

1. Make a figure of the DNA similar to the one you made for exercise 5, and
draw a line through the centerline of DNA. Comment on the change of shape
introduced into the DNA by the protein.

2. Examine the protein-DNA interface. Can you recognize any of the protein-DNA
interaction motifs mentioned above? Make a figure showing the main features
of the motif.

3. Modify the figure you just created to show some of the amino acids that make
contact with DNA. What are the main interactions (hydrophobic, ionic, hydro-
gen bonds) that govern the protein-DNA recognition in this case?

4. The zinc ions serve to stabilize the structure of the protein, and sometimes make
contacts with the DNA phosphate. Make a figure showing what kind of residues
surround the zinc ions.

5. Look for other ions close to the surface of DNA. Note that the ions you saw in
exercise 5 have been replaced by protein contacts. Are there any charged amino
acids compensating for this replacement? Explain why.
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