Solutions to Linear Algebra Quiz
Physics 480 / Fall 1999
Professor Klaus Schulten

Problem 1: Inner Product

In the “conventional” notation the vectors |1), |2), |1}, |2) can be defined
as

v (z) me () = (4). me(4)
(1)

A B cos¢p —sing by (3)
bl N sing  cos¢ by |-
The scalar products are

(112) = aiby + a3bs, (4)

and similar for (1'|2'). Tt follows, using

aj = cospa; — singay (5)
ah = singa; + cosd az (6)
by = cospb — sing by (7)
by = singb; + cos¢ by (8)

and the definition ¢ = cos ¢, s = sin ¢,
(1'12"y = (ca; — sa)* (cby — sby) + (say + caz)™ (sby + cbo)
= aiby — scasby — csajby + s agbs
s2alby + csajby + scalby + c*aghy
<02 + 82) ajby — (sc — cs) azby

—  (es — sc) ajby + <32 + 02) asbo 9)

+

From ¢ + s2 = 1 and s¢ — ¢s = 0 follows the desired result.



Problem 2: Commutator

Using the definition [L1, Ls] = L Ly — Lo L1 we obtain

00 0 0 0 1 0 0 1 00 0
00 —1 0o 00| -] 0 00 00 —1
01 0 -1.0 0 -1.0 0 01 0
00 0 010

= 1 00| —-]000
00 0 00 0
0 -1 0

= 1 0 0. (10)
0 0 0

Problem 3: Function of Operator

The expression exp A is defined through the Taylor expansion of the expo-
nential

1 1
epr:ll+A—|—§A2-|-6A3+... (11)

e (0a) (o) =(00) 12

and the resulting property A" = 0 for any n > 1, we obtain

Using

epr:]l—i—A:((l)i). (13)

Problem 4: Matrix Diagonalization

The form of the matrix implies that

1
1) =10 (14)
0
is an eigenvector with eigenvalue A\; = 2. The remaining two eigenvectors
are of the form
0 0
2) =] a |, B =| a (15)
b1 b2

where the components ai, b1, as, by and the eigenvalues associated with
12), |3) are defined through the eigenvalue problem posed by the 2 x 2-matrix

3 -1
(50 "



The normalized eigenvectors and associated eigenvalues of the latter problem

~ 1 1 ~ 1 1

Ao =2, A3 =4. (18)

We conclude that the 2nd eigenvector and 3rd eigenvector of the original

problem are
0 0

=gl megl (19)

with the associated eigenvalues given by (18). We note that, due to the
degeneracy \; = A2 = 2, any linear combination c;|1) + ¢2]2) is also
an eigenvector with eigenvalue 2, but that there exist only two linearly
independent eigenvectors with eigenvalue 2.

Problem 5: Function Space
A scalar product can be defined through

L
nlm) = [ dz (@) (o) (20)
0
It follows indeed, using sinasin 8 = 1[cos(a — B) — cos(a + 3],
(njm) = %/L dx [COSW — COS% (21)
0

or choosing as integration variable y = z/L
1
(nlm) = / dy [cos(n — m)mx — cos(n+m)mx] . (22)
0

In case of n = m follows

1
(nln) = /0 dy[l — cos2nmx] = 1 — ﬁ[sianr — sin(0)] = 1
(23)
In case of n # m follows
1 . .
(njm) = T [sin(n —m)m — sin(0) ]
1 : . _
- m[sm(n—l—m)ﬂ — sin(0)] = 0. (24)

Accordingly, the set of functions with the scalar product (21) is orthonormal

and we can state
(nlm) = dpm (25)



From f(z) = Y, ¢m¥m(z) follows

L L
/O o tn@) J@) = Lem /0 d o () ()

= E Cm Onm = Cn -
m

It follows

m L L mr

(2)%/L/2 Cmmz V2L
= (= dx sin = — sl
0

mm

S — .

2

(27)



