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Problem 1: An important relationship

la. Since A = diag(A1, A2, A3) implies A™ = diag(A\}, Ay, \¥)

U = exp(iA) = diag(e™,e™?,e) and detU = exp(i(A1 + A2 + A3))
Hence detU = 1 implies (A1 + A2 + A3) = Omod27 i.e. tr(A) = 0mod2r.

1b. Let h(1), h(2), h(3) be the 3 eigenvectors of A. i.e. Z?n:l Ar R (i) =
e;h"™(i),n = 1,2,3 Orthogonality of the eigenvectors give,

S b (G) =

Let us define the matrix R as

13" = hi(m)
It follows from the above orthogonality condition that

(T~1)} = ' (m)

Let us consider the matrix

A =TAT™?
The matrix elements of A" are

(A = TPARTTY,

hi,(m) AP R (n)
hi.(m)enh* (n)

= €0mn

Hence A’ is diagonal.
lc.

TUT ' = TeAT!
_ - nrp—
= 1Zn!TA T
n=0

[e.9]

N
= Z—'TAT*TAT*1 ...... TAT!
n.:
n=0

= exp[iT AT



1d.

implies B" = <

A
0
A1
Hence,e? = < ¢ 9\2 >

le.

TT’(AB) = Aiiji
= Bjidij
= Tr(BA)

Therefore, Tr(TATY) = Tr(T~'TA) = Tr(A)

1f. |
U=ed

TUT! = ¢ TAT™!
detTUT ™! = det(e"TATil)
but, detTUT~! = det(U) therefore, det(U) = 1 implies
det(eTAT ') =1
which implies
Tr(TAT™) = 0mod2r

But since Tr(AB) = Tr(BA)
Tr(TAT—1) = 0 imples Tr(A) = Omod2n

Problem 2: Spin along z; axis
2a. Taylor expanding the operator(3) we get
eifo1/2 _ Z z_(El)nO_iL

n!
n=0

(01
T1=1 1 0

Using the fact that



0? =T and i2 = —1 we get,

i0o1/2 _ = (_1)71 9_1 2n . - (_1)71 9_1 2n+1
¢ ngo ol () 'I+z;(2n+1)!(2) o1

- 0 0
ei071/2 cos EII + 7sin 5101

o jeinle
- cos 5+ isin 4
= 3 0

ising  cos 3
2b. The required probability is given by
P=|MP?

where,
M =yTAX

=(1)
A= () )

- (3)

It follows M = %(cos(&l/Q) + isin(f1/2)) Therefore, P = 1/2

where

Problem 3: Spin in a magnetic field
If the axis of quantization is chosen to be along the magnetic field, then

H=--°358

2me

The time dependence of an arbitrary spin state ( ) is given by

S Q

Y(t) = e Hy(0)

. e
el2cht a

= . e
e—z—2mCBt b



which is the same as a rotation of the spin about the z-axis by an angle

eBt
2mce

3b. For (0) — ( . )

Problem 4: Spin Dynamics
4a.

_ gush
2

Using the fact that

H

h
(Byoy + Byoy + B.o.) + a(i)z(aiag +oy0, +0507)

Ozl >=|F >
oyl >= +i|F >
oL >=+1|+ >

for both electronic and nuclear spins, we get the Hamiltonian in a matrix
form in the given basis (h = 1)

%Bg + % 0 WTB(Bl — iBQ) 0
. 0 e p, o s (BB
wemvin)  C§ | —wehiog o
0 “55(B1+iBy) 0 —%5" B3 + §

For B = (0,0,b) the eigenvalues are 41+ 8.8b,—%+1\/a2+ (gupBs)?
4c. The time evolution of a wave function is given by

Y(t) = e (0)

Here 1(0) = |2 > We expand it in the basis of eigenvectors of H

4
2>=) Cpln >
n=1

Therefore

W(t) >= Y Cpe Frin >



<2(t) >= Y CrCre i Ent
n
Therefore, Probability of finding it in another state,

P=1-|<2W(t)>



