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A semiclassical description of the hyperfine-induced spin motion of radical pairs suggested recently [K.
Schulten and P. G. Wolynes, J. Chem. Phys. 68, 3292 (1978)] has been generalized to arbitrary

magnetic field situations. Analytical expressions for the elements of the electron spin correlation tensor
<S(0) S(t)> averaged over all nuclear spin configurations are derived and applied to calculate the time
evolution of the electron spin state of radical pairs initially prepared in a singlet state. The treatment
includes the possibility that the radicals undergo a diamagnetic-paramagnetic exchange reaction. The

effect of such exchange on the magnetic field dependence of the radical pair (triplet) recombination is

predicted.

I. INTRODUCTION

The unpaired electrons in radicals undergo a spin mo-
tion induced by the hyperfine interaction with the nuclear
spins, In connection with spin-dependent reaction pro-
cesses, this motion gives rise to the well-known chemi-
cally induced dynamic polarization.! If radical pairs
are generated by photoinduced electron transfer in a
pure singlet state, the initial spin alignment of the two
unpaired electron spins is changed by the hyperfine in-
teraction and after a few nanoseconds the radical pair
assumes triplet character, Recombination of the radical
pairs then leads to triplet products, External magnetic
fields can alter the spin motion and give rise to a mag-
netic field modulation of the triplet products, This ef-
fect provides an experimental method for exploring the
nanosecond dynamics of radical processes by magnetic
fields® and has been observed for electron transfer in
solution, ® at crystal surfaces,* and in photosynthetic re-
action centers,’

An analysis of the magnetic field effect requires ac-
curate knowledge of the hyperfine-induced electron spin
motion, The large number of electron and nuclear spin
degrees of freedom makes a detailed quantum mechani-
cal calculation a difficult, and in many cases impossible,
task, We have therefore recently suggested a semiclas-
sical description which treats the nuclear degrees of
freedom in a statistical manner and applies in the limit
of large numbers of nuclear spins.® The approximation
yields simple analytical expressions for the electron
spin probability at zero and high magnetic field and was
found to be in good agreement with the exact quantum
mechanical results for the case of the pyrene (Py)/N,
N-dimethylaniline (DMA) radical pairs. In this paper
we want to apply the semiclassical description of Ref,

6 to arbitrary magnetic fields. The corresponding trip-
let probabilities acquire analytical formulas, albeit
more complicated than those in the limits of zero and
high field.

The semiclassical description of the hyperfine-in-
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duced spin motion allows one to account for the effect
of a diamagnetic —paramagnetic exchange reaction (elec-
tron hopping)

M +2M*' =M’ +'M (1)

which plays a role in the case of electron transfer at
crystal interfaces’ as well as in solution,® A corre-
sponding description had been proposed and applied to
zero and high magnetic field situations in Ref. 6. In
this paper we also generalize this description to arbi-
trary fields, The calculations yield the magnetic field
dependence of the triplet recombination yield of radical
pairs undergoing the exchange process (1), a quantity
amenable to experimental observation,®

Il. SEMICLASSICAL DESCRIPTION OF THE
HYPERFINE-INDUCED SPIN MOTION

In the semiclassical description of the hyperfine-in-
duced spin motion presented in Ref. 6, the electron spin
S, in each of the radicals k=1, 2 precesses around the
vector

wk:wL"'Ik (2)

with frequency w,. The first term accounts for the Zee-
man-induced spin motion

w,=pgB/x (3)

(for the sake of simplicity we will assume identical g
values for both radicals)® and the second term for the
hyperfine coupling to the »n, nuclear spins I, on radicalz

g
L= 12; Ly - 4)

The semiclassical approximation assumes I, to be con-
stant in time, an assumption which holds for large #n,
and small scatter: in the values of the (isotropic) hyper-
fine coupling constants.

The time evolution of the operator 8,(¢) of an electron
spin precessing about the vector w, is governed by

0—‘;; S,() =w, x S,(8)

and can be cast into the Heisenberg representation®
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S(t) = U, () 8,(0) Uy () , (5)
U, = ( _ vh_ m_)fx") , 6)
iwy¥e Ty
where
v,=c08%(6,/2) expliw,t/2) +sin®(8,/2) exp(—iw,t/2) , (1)
w,= —siné,sin(w 2/2) , (8)
x,=explig,) . (9)

The angles 6, and ¢, define the orientation of w, with
respect to w;.

We are interested in the electron spin motion for an
ensemble of radical pairs with all nuclear spin config-
urations being equally likely. For large n, the corre-
sponding statistical distribution of I, in the volume ele-
ment I, +d1, is given by the continuous function®

1.2 3/2
rou)=(2)" em(-irird) (10)
where!?
1<
T;2='é;aitlkx(lu+1) . (11)

The average over the nuclear spin distribution of radi-
cal % defined by ( ), is best carried out in polar coordi-
nates, i.e,,

2r +1 ©
<¢I>k=(72/47)3/2f d¢kf dykf dw, w%e
0 ~1 0

xexp(= 1373w, ¥u, 04 , (12)
with
IE=w+wd = 2w,w Yy , (13)
yp=cosb, . (14)
Since {x,), =0, one obtains by virtue of Eqs. (5) and (6)
(83N, = (0D, S30) , (15)
(SN, =T, S3(0) , (16)
(SEEN .= (0p Ta =), SE(O) , a7

where S%, and S} represent the Pauli matrices in the
spin § representation, and

=51 +y2) coswyf +1(1 =32 +iy, sinwyt | (18)
VT, =i =(1 —y%) cosw,t +y% . (19)

The quantity of key interest, as pointed out in the In-
troduction, is the probability p,(¢) to find a radical pair,
initially (¢ =0) generated in a singlet state, at time ¢ in
a triplet state, Once the time evolution of S, is estab-
lished, pr(t) can be evaluated. According to Ref, 6, the
triplet probability is determined by the spin correlation
tensors (k=1,2)

W T8 =tr, (8,(0) [S,(O)]*), (20)
by virtue of
prt)=3 = TO®: TR . (21)

The trace in (20) is taken over the two electron spin
states in radical k, The tensor product in (21) is de-

fined as(A B): (CD)=A.-C B. D, From Egs. (15) to (17)
and tr,[SfSf]=tr,[S;S, ]=4% follows

@Y, 0 0
TOW=2 0 @D, 0 (22)
0 0 (aD,-wd,
and hence
pr) =3 — 4 [2Re((whh (B3)2) + (w1 B1 — wds (02 B2 = wd)e).

(23)
1l. EVALUATION OF NUCLEAR SPIN AVERAGES

The averages (%), and (v, 7, —%) , needed for the
evaluation of the spin correlation tensors ,,T‘“’ and the
triplet probability entail integrals of the type

3
(p(y)glwt)) = 'éz\/—T? exp(~a?)

« [ : dy p(y) (-§)z[g(wt>] . (4

where a=w,7/2,
Iglwt)]= f . dw glwt)exp[~ wr/2F +yww, 72/2] , (25)

and p(y) and g(w?) assume the functional forms
p(¥)=1; y; ¥,
glwt)=1; coswt; sinwt ,

however, only in such combinations that p and g are
both either even or odd functions. The integral (25) can
be solved analytically (for the derivation see Appen-
dix A):

I{glw))]= (V7 /7) exp(-g2/4a? +y% o?) g(By) (26a)
for glx) =1, cosx, sinx, and
a=w,T/2, B=wit . (26b)

The following expressions are then obtained for the
averages defined by Eq. (24):

1
(p(y)cost=exp(—ﬁz/4012)f0 dy p(y)
xexpla®(y® - 1)]{A(y) cospy ~ B(y)singy] , (27
(p(y)sinwt>=exp(—32/4az)foldyp(y)

x exp[a®(y® —1)][A(y) sinfy + B(y) cosgy] ,

(28)
where
Aly)=242y"+1 -8 /24% , (29)
B(y)=28y .
The following functions will be needed:
1
C,,(a,B)=fo dy y*" expla®(y? - 1)]cospy , (30)
1
S, 8)= [ dyy*expla(y® - D]singy , (31)
1
I,,(a)=f dyy*expla(y® -1)]. (32)
1]
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By virtue of Eqs. (18) and (19) and (27)-(29) and the
equations listed in Appendix B, one obtains

(2= (1/2 a3 {exp(-82/4a2) [Colay, B)
+exp(ip)2a2 ~1+if)]+1 = In(a,)}, (33)
(0, Ty - u):)k = a-kz {exp(— ﬁz/’*ai) [cosp - Cﬂ(ak; 8]

+af+a,) -1} . (34)

In the limit of large magnetic fields one observes the
asymptotic behavior (v5),—~ expliw ;£ —£2/7%) and (v, T,
—wh),~1 and, hence, agreement with Ref, 6. For the
case of zero field the results of Ref. 6 are recovered by
virtue of Io(t)~1 -2 a?(a® «1) and (%) = (v, 7 —w?),

1 2 2 2 2
=3{1+2(1 =2¢%/7%) exp(-£2/7D)].

The components (33) and (34) require knowledge of the
integrals Cola, 8) and Iy(«) defined by Eqs. (30) and (32),
respectively. I, is related to the error integral with
imaginary argument

I(a) =exp{- o®)r erflia)/2ia {35)
and can be calculated by means of the expansions!
. (20)"
—_ "
Io(a) Z (") 1°3..- (2n+1)

na0

la]<1.5

_exp(-a?)
I{a) = —ar

><<1+&2—EEXP—L-—~[_’;(!—'~/EE]— sinh(na)) 1.5<|a|<3.5

n=1

nfl12
1 —~ 13-« (2n -1
)= 5iy [1 5> (ZQ( r )

The last expansion in (36) is an asymptotic series which
yields an accuracy of more than five significant digits,

] la]>3.5. (36)

The integral Cy(a, 8) can also be expressed by means
of the complex error function

Cola, B)=Wr/2a) expl(8?/402) - a®)Im{ert((8/24) +ia] .
(37)
For =0 this expression reduces to I{a) as required by

a comparison of Egs. (30) and (32) {note: Im[eri{7a}]
=—jerf(ia)}. ’

For the sake of numerical convenience, we rewrite
Eq. (37) to yield

Cola, B)=-(1/2a) Im{[(8/2a) +ia]™*

xexp(-iB) F [(8/2a) +ial}, (38)
where
F(z)=V7 zexp(z® erfc(z) . (39)
An efficient algorithm for F(z) had been pointed out in
Ref, 12,

IV. HYPERFINE-INDUCED TRIPLET PROBABILITY

Figure 1 compares the semiclassical triplet probabil-
ity at magnetic fields 10, 40, 60, and 150 G as evaluated
by the method described in this paper and as predicted
from an exact quantum mechanical analysis for a 2Py
+2DMA? radical pair generated in a singlet state. One
finds good agreement between the quantum mechanical
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FIG. 1. Comparison of the triplet probability of the unpaired

electron spins of *Py” +°DMA* predicted by the semiclassical
approach [—] and evaluated from an exact quantum mechanical
analysis (Ref. 15) at four magnetic fields: 10 G [x]), 40 G {+],
60 G [o], and 150 G [®]. The hyperfine coupling constants as-
sumed are'® Py: 4x{ag=2.3 G), 4%(ag=5.2 G); DMA: 6X({acy
=12.0 G), 1x(ay=12.0 G), 3X(ag=6.25 G). :

results (which involve great numerical effort) and the
semiclassical description, especially for short times
(¢ <5 ns) and large magnetic fields (B=60, 150 G).

The small error (< 7%) in the triplet probability can
be traced to the contributions of small nuclear spin
211y, to the electron spin motion of radical pair ensem-
bles, For small J,I,, and at small magnetic fields, the
time variation of I, [Eq. (4)] cannot be neglected. How-
ever, small §,I,, implies small I, (as long as the q,, val-
ues do not scatter too much) and hence slow electron
spin precession, i.e., the error corresponding to the
time variation of I, surfaces only at later times, At
large fields only the z component of I,, which remains
invariant in time, induces the electron spin motion, In
this case a very small error is to be expected for all
times,

V. EFFECT OF DIAMAGNETIC-PARAMAGNETIC
EXCHANGE

We consider now the situation where the unpaired elec-
tron spin does not reside permanently on one molecule
but rather exchanges between like molecules according
to Reaction (1). The correlation tensor T‘@(¢) in the
absence of any electron exchange on a time scale rele-
vant for the hyperfine-induced spin motion has been de-
termined in Secs, II and III by averaging over all nuclear
spin configurations of an ensemble of radicals. When
exchange occurs, the unpaired electron spin finds a new,
random nuclear spin configuration, a situation illustrated
in Fig, 2 for the 'DMA +>DMA’ -~ 2DMA* +'DMA exchange.
The electron spin transfer may then be described as a
random change of I, inducing a concomitant change of
electron spin precession, As the situation is reminis-
cent of rotational diffusion, the treatment of the dia-
magnetic —paramagnetic exchange by electron transfer,
presented in Ref, 6, had been based on the theory de-
veloped for the correlation function of rotating mole -
cules '
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7, N 5!

2,
WY r W

FIG. 2. Schematic illustration of the electron spin precession
in the N, N-dimethylaniline (’DMA*) radical undergoing dia-
magnetic—paramagnetic exchange, i.e., DMA*+ 'DMA — 'DMA
+2DMA®*,

To account for the exchange process (1) one must av-
erage the electron spin correlation tensor over all pos-
sible sequences of exchange events, Let us denote by
T (t) the contribution to ,T(¢) due to electron spins
which have undergone n — 1 exchanges up to time ¢ so
that

WTEO=2,T0 . (40)

n=1

The exchanges are assumed to be independent and to oc-
cur by first order kinetics. For a mean residence time
Ty of the electron spin at a single molecule the probability
of no exchange in the time interval [0,¢] is exp(-¢/7;).
The contribution of spin precession without exchange to
the sum of Eq. (40) is then

T =exp(=-t/7,), TV, (41)

where ,T‘”(¢) has been defined by Eq. (20). When the
exchange events are independent the further contribu-
tions to (40) are related by the recursion equation

t
TOO =73 [ at\ T T (42)
0
Summing over all » yields
H
TR =T +73! fo dt' TV -, T¢) . (43)

This equation, a Volterra integral equation of the first
kind, can be solved separately for each component of the
diagonal spin correlation tensor,

The solution of (43) in the limit of very slow exchange,
i.e., To=, is ,T()=,T®(¢). In the limit of very rapid
exchange, i.e,, To=0, one can derive (see Appendix C),

expliw zt) 0 0
T~ 0 exp(—iw ) 0 | .
0 0 1

(44)

This correlation tensor corresponds to spin motion with
vanishing hyperfine coupling.

Figure 3 presents the triplet probability for the 2Py"
+2DMA* radical pair in an external magnetic field of
40 G when DMA undergoes diamagnetic —paramagnetic
exchange processes (1), Varying the exchange rate 75!

1881

from zero (no exchange) to infinite (very rapid exchange),
one observes a drastic slowdown of the singlet - triplet
transition, This behavior can be rationalized as follows:
When exchange weakens the (DMA* hyperfine coupling,
only the ®Py” coupling remains, which amounts to
(Upy)py =8/ 7) 75, =18 G. The slow increase of the
triplet probability for fast electron exchange reflects
this small value (18 G) of the mean hyperfine coupling
strength of the 2Py~ radical alone. There is also a tran-
sition from high field behavior to low field behavior

(cf. Fig. 1) discernable for the triplet probability in

Fig. 3 in going from slow to fast electron exchange,
This is because 40 G is a rather weak magnetic field
compared to the mean hyperfine interaction of ipy
+2DMA*, which under exchange-free conditions amounts
to 32 (I 1Y% =8N T (1} +731)=77 G, In the case of
rapid exchange with an effective ¢Py") hyperfine coupling
of only 18 G, the 40 G field elicits rather a high field be-
havior of the triplet probability.

VI. MAGNETIC FIELD BEHAVIOR OF THE TRIPLET
RECOMBINATION YIELD

We want to demonstrate in this section that the diamag-
netic—paramagnetic exchange strongly affects the mag-
netic field dependence of the geminate triplet recombina-
tion yield ¢(B), a quantity amenable to experimental
observation, In the following we want to assume that the
radical pairs undergo free Browian motion and recom-
bine with equal probability in their respective singlet
and triplet electron spin states. These assumptions do
not affect the qualitative magnetic field behavior of
¢7(B) (cf. Refs, 12 and 15). Our simplifying assump-
tions allow to express the triplet yield by the simple
integral'?

¢r(B)= j:dtﬁ(t)ﬁr(t, B) , (45)

where 2n(t) represents the recombination rate, For a

radical pair (with a relative diffusion constant D) gen-
erated initially (¢ =0) at some distance » and recombin-

P (1)

B=40G

0.75

050+

Probability

025

Triptet

(O T T T T T
0 20 25

Time/ns

FIG. 3. Triplet probability of the *Py” + *DMA* radical pair in
case of diamagnetic~paramagnetic exchange involving ZDMA*
for exchange rates 73! (inns™') 0, 0.1, 1, 3, 6, 12, and « at
an intermediate magnetic field B=40 G. The residence time 7,
of Py is assumed to be infinite (no exchange). Hyperfine
coupling constants are given below Fig. 1.
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FIG. 4. Magnetic field dependence of the relative triplet re-
combination yield of the 2Py”+2DMA* radical pair in case of a
diamagnetic—paramagnetic exchange involving DMA*, Ex-
change rates 7;! assumed are (inns™') 0, 0.5, 1, 3, 6, 10, and
o, The treatment of diffusion and recombination of the radical
pair is described in the text.

ing at the same distance, n(t) is determined by the ex-
pression'?

) =(D/a)2 [p/r(1 =p){1 =F VDE/¥(1 =p)]}.  (46)

where F(x) had been defined already by Eq. (39). p de-
notes the total recombination yield including singlet as
well as triplet products. For our calculation of ¢7(B)
we adopted the values D=10"° cm® 5™}, »=6 A, and
p=0.5, It had been pointed out in Refs. 12 and 15 that
the relative triplet yield ¢,(B)/¢r(B=0) does not vary
for considerable changes of these constants. We have
found the changes of ¢(B)/¢(B=0) to be smaller than
2% over the ranges p € [0.01, 0,99], D/em? 57! ¢[1075,
5x107%] and »/A €< [5, 10].

Figure 4 presents the magnetic field dependence of the
relative triplet yield ¢{B)/¢,(B=0) for various ex-
change rates 75! of the 2DMA® radical. The magnetic
field dependence of the triplet yield in the limit of no
exchange agrees well with the previous quantum mechani-
cal analysis of Ref, 15. The triplet yield in the limit of
very rapid exchange which according to Eq. (44) corre-
sponds to vanishing hyperfine coupling constants of the
DMA* radical is also found in agreement with a previous
calculation in Ref, 15, The cases of very rapid and very
slow exchange both exhibit the typical magnetic field be-
havior observed previously (cf. Ref, 3), a rather sudden
falloff of ¢7(B)/¢p7(B=0) down to the saturation value
¢r(B=«)/pr(B=0) at the field B,,, defined in Ref. 12.
The triplet yield for intermediate exchange rates shows
a rather different behavior. The 2Py” electron spin mo-
tion not experiencing any exchange is affected by weak
fields and hence contributes a low field decay to the rela-
tive triplet yield, The spin motion of 2DMA*, the radical
which undergoes the exchange reaction, is dominated by

E.-W. Knapp and K. Schulten: Radicals undergoing diamagnetic-paramagnetic exchange

the short time behavior of its correlation tensor as it
can precess only for a short time in a fixed nuclear spin
environment, It has been shown, however, that the short
time spin precession requires large fields for a modula-
tion of the triplet yield and only gradually reaches the
saturation value.®® The resulting overall behavior of the
relative triplet yield, a sudden drop at low fields due to
®py” and a gradual decrease at high fields due to 2DMA*,
is observed in Fig, 4 for 73! values 3 ns™!, 6 ns™!, and
10 ns™!, Slower exchange does not yield the low field
falloff, however, it exhibits the high field gradual de-
cline, One should note that an exchange rate as low as
0.5 ns™! induces a significant deviation from the magnetic
field behavior without electron exchange, This exchange
rate corresponds to a DMA concentration of about 0,1
mol 1! in the experiment of Ref. 3 if one assumes the
diamagnetic —-paramagnetic exchange to be a diffusion con-
trolled reaction, i.e., 75'=47Dr, (D=10"° cm® ™', 7,

=7 A).

ACKNOWLEDGMENTS

We would like to thank P, G, Wolynes for suggestions
about the initial part of this work, We are grateful to
A, Weller for his continuous interest and support, The
use of the computer facilities of the Gesellschaft fiir
wissenschaftliche Datenverarbeitung mbH Géttingen is
acvknow'ledged. This work is part of a program Photo-
chemistry with Lasers supported by the German Science
Foundation,

APPENDIX A

The identity (26) can be proven by first expanding
exp(yww ;72/2) under the integral (25) in a Taylor series

@

rlstwn] =3 222 ),

where

(A1)

f,.[g(wt)]=[wdww"g(wt)exp[—rzwz/fl] . (A2)

In the case
glwt) =coslwt) ,
one finds!®
0 if » odd
(=y"22vr /T exp(=t2/T?) H(t/7)

if n even,

I, [cos(wt)]=
(A3)

and by virtue of (A1) and (A3),

Ifcos(wt)]=2V7/Texp(~t2/T%)

(yw, 7/2P" , .,
xg;—————(zl‘n)! (=) H,,{t/7) .

Observing that the series in (A4) represents the gener-
ating function of Hermite polynomials, 17 we obtain final-
ly

Iecos{wd) =@Va/mexp[-t2/7% + (yw 7/2f] coslw, t() .
A5)

(A4)

The same procedure applies to I [sin{w?)].
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APPENDIX B

In order to simplify the expressions (27) and (28) to
yield (33) and (34), the following properties of C,(«, 8)
and S,(e, B) given by Eqs. (30) and (31), respectively,
were employed:

&

-agz' Cla,p)=~C,,(c, B) , (B1)
s Sua, 8= =Sl ), (B2)
9

% C.la,B)==S,(a,B) , (B3)
% Cole, B)=(8/20%) Cy(a, B) - sin(g/20?) . (B4)

The relations (B1), (B2), and (B3) are obvious, Equa-
tion (B4) is derived from Eq. (30) by partial integration.

APPENDIX C
To prove the limit (44), an expansion of (v%), [Eq.
(33)] and (v,5,-u2), [Eq. (34)] for small times ¢ is re-
quired, Employing the expansion (36) for Iy(a) and
Cola, B)=3no(-) [8"/(2n)! ]1,(a), we obtain
T =T4Q = (v}), =1 +iw, £ +O(t?) ,
T:(ig)=(vkl—’h"'wi)k=1+o(tz) . (c1)

The Volterra equation (43) describing T;; can be cast
into the form

t
v)=1 +'r'.31f ar' u(t'y, (c2)
[
where
U(t) =exp(t/To) T33 . (C3)

Equation (C2) is solved by T33=1. Invoking from (C1)
(C4)

for small ¢, an equation similar to (C2), (C3) is valid for
the first two components of the spin correlation tensor
Ty; and T,,. By virtue of

(1%, = expliw t)

1883

U(t) =eXp[t/1’o¥ ith]Tll (Cs)
(22)
one obtains
T, =expl+ iwgt] . Ce)

(22)
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