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We develop a theoretical description of nuclear spin relaxation mediated by MRI contrast
agents and transport processes in liposome systems. Such systems compartmentalize the
physical space such that paramagnetic contrast agents, which enhance relaxation, are trapped
in some subvolume. Due to diffusive transport across compartmental barriers, i.e., across
liposome membranes, nuclear spins in the whole volume exhibit fast relaxation. The de-
‘scription developed is based on the diffusion-Bloch equations for the nuclear magnetization
- with appropriate boundary and continuity conditions. From this set of equations a.-new
inhomogeneous differential equation for the local relaxation times is derived. For simple
geometries of compartmentalized spaces the equation can be solved analytically. A simple
formula for average relaxation times in liposome systems is presented. The resulting re-
laxation times agree well with observations. © 1992 Academic Press, Inc.

1. INTRODUCTION

The availability of image contrast is a fundamental issue in magnetic resonance
imaging (MRI). For some applications image contrast can be enhanced through MRI
contrast agents—paramagnetic molecules or superparamagnetic substances which
shorten signal decay times. This paper presents research that extends earlier work on
the mechanisms of MRI contrast agents (3). That work demonstrated the important
role of diffusive transport on the enhancement of nuclear spin relaxation through
paramagnetic and superparamagnetic contrast agents, e.g., for the intravascular system
and for Kupffer cells of the liver. An understanding of the action of contrast agents
should provide new insights into the effective administration of contrast agents and
aid in the development of new agents. Moreover, in the developing field of MRI
microscopy, a novel observational capability is unfolding as it becomes possible to
label individual cells or groups of cells with a contrast agent (15).

In the present study we consider a paramagnetic contrast agent, e.g., Gd-DTPA
(23), which is either contained in or excluded from liposomes in solution. Liposomes
are formed by a lipid bilayer membrane which encloses an aqueous interior and which
is rather permeable to water and under certain conditions impermeable to Gd-DTPA.
With these features liposomes provide a simple model for compartmentalized tissues
which contain contrast agents in a small fraction of the tissue, examples of which
include Kupffer cells of the liver and erythrocytes (See Ref. (10) and references therein ).
In addition to their use.as a model for compartmentalized tissue, liposomes containing
contrast agents have recently been used in animals to improve MRI contrast between

1 0740-3194/92 $3.00
Copyright © 1992 by Academic Press, Inc.
Al rights of reproduction in any form reserved.



2 BARSKY ET AL.

normal liver and tumors (1, 13, 22). The advantages of such contrast agent delivery
systems include the protection of the contrast agent from binding to plasma proteins,
modulation of water access, and site-specific distribution for certain applications. (For
these and other aspects of liposomes see Refs. (5, 11, 14, 19, 21).)

For appropriately constructed liposome systems, it is known that the contrast agent
is strictly confined to the liposome interior (1, 22). It is also accepted that paramagnetic
molecules in free solution, i.e., the contrast agent, can directly relax only adjacent
water protons (4). Hence, we suggest that the increased relaxation in the bulk water
of liposome systems is primarily due to proton transport across liposomal membranes
on a time scale shorter than that of the native nuclear spin relaxation. In addition,
due to the higher susceptibility of the contrast agent, the magnetic field in the immediate
vicinity of the liposomes will be perturbed, possibly contributing to faster relaxation
(7). Yet for longitudinal relaxation this effect should be of minor significance, especially
for small diameter (60 to 400 nm) liposomes as are considered here (/0), a point to
which we will later return. By the transport mechanism one expects that the factors
which influence the rate at which an average water molecule can enter a liposome
play a role in contrast enhancement. Those factors are: (1) the average size of the
liposomes, (2) the number of liposomes per unit volume, and (3) the permeability of
the liposomal membrane to water. An important advantage of the liposome system
is that these factors can be experimentally controlled. In fact, Refs. (1, 16, 20) provide
evidence that a variation of these properties changes relaxation rates of bulk water.
In the study presented here we developed a simple theoretical formulation which
relates properties (1-3) to relaxation rates in liposomal systems. We will show that
the theoretical expressions for relaxation rates derived are in excellent agreement with
experimental data.

Our approach below rests on the theoretical formulation developed in Ref. (3).
The approach involves solutions of Bloch equations to which diffusion terms have
been added to account for the transport of water. In Section 2 we derive simple math-
ematical expressions which relate relaxation rates to liposome radius and concentration
as well as to water diffusion coefficient and to membrane permeability. In Section\3
we compare the results to observations reported in Refs. (16, 20).

2. THEORY OF TRANSPORT-MEDIATED NUCLEAR SPIN RELAXATION
Physical Model of Liposomes Entrapping Contrast Agent

We first consider a system of liposomes which confine a paramagnetic MRI contrast
agent to their interior and which are surrounded by bulk water without contrast agent.
In water doped with a paramagnetic contrast agent, a nuclear spin must diffuse into
the immediate vicinity of a paramagnetic molecule in order to experience a faster
relaxation of its magnetization, than would otherwise occur. Even more restricting is
the situation of a chelated agent, such as Gd-DTPA, where only one coordination site
is available for the water protons (9). Consequently, since the MRI contrast agent is
located solely within the liposome interior, and because susceptibility effects should
not be significant for small liposomes, we assume that water protons must enter the
interior in order to be relaxed at a faster than native rate.

The liposome system investigated in Ref. (20) contains the paramagnetic contrast
agent Gd-DTPA. In water doped with this agent, the relaxation times 7', and T, are
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much shorter than in plain water; for example, T, for water protons in 2 mM Gd-
DTPA is about 30 times shorter than in water. Since the concentration of the agent
in liposomes is about 670 m M, one expects extremely short relaxation times in the
liposome interior. In our description we will make the simplifying assumption that
water protons entering the liposome interior lose their magnetization immediately.

The (bulk) water outside of the liposomes can be parcelled into imaginary cells of
equal volume V for each liposome, and one can consider the diffusion of water to be
confined to within these cells, i.e., as if the bulk consisted of cells separated by im-
penetrable walls. This situation is physically equivalent to the real system because the
effect on a water molecule visiting two different liposomes at times ¢, and ¢, cannot
be distinguished from the effect of a water molecule visiting the same liposome at
times #; and #,. Therefore, we model the entire proton diffusion space by a single,
spherical cell of volume ¥ which contains a single liposome as a spherical compartment
_ at the center. The cell is divided into three concentric, spherical regions (Fig. 1): a
liposome interior of radius R, (I) where water spins relax very rapidly due to the
contrast agent, a membrane wall (IT) which is marked by low diffusivity, and an outer
region (IIT) of radius R, representing bulk water. The outer radius R, is related to the
cell volume V' = (47 /3)R3 where V = total volume/number of liposomes.

The spaces defined differ with respect to the local diffusion coefficients of water and
with respect to the local relaxation rates. We will assume that the diffusion coefficient
for water inside and outside of the liposome is simply equal to the self-diffusion coef-
ficient of water D,,, but takes on a different value D,, in the region of the membrane
wall. D,, will be treated as a parameter which will be chosen in order to match calculated
and observed relaxation rates. Affected only by the composition and condition (e.g.,

FIG. 1. Geometry and physical properties of the liposome system. Shown are the borders of regions with
different physical properties (not to scale). Region I is the interior of the liposome, region II is the liposome
membrane, and region III is the bulk water phase. D,, and D,, are the diffusion coefficients of water in water
and in the membrane, respectively. T is the native relaxation rate (for either longitudinal or transverse
relaxation). 7' = 0 denotes our assumption of immediate relaxation in the liposome interior (region I).
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temperature ) of the liposomes, D,, should remain constant for liposomes of different
size and for variable liposome concentrations and will be several orders of magnitude
smaller than the value of D,,. For the relaxation rates we will assume a value of T}
= (.2 s~! for the bulk water and an infinite rate in the liposome interior. For simplicity
we assume that the relaxation rate in the membrane wall, which ordinarily occupies
less than one percent of the total volume, is just that of the bulk water even though
it is probably somewhat greater due to the lipid.

At this point we introduce a consideration which will be cardinal to the theory.
Assuming that nuclear spin relaxation can be described by the model encompassed
in Fig. 1, an observation of nuclear spin relaxation at some position r in the bulk
‘water, i.e., region III of Fig. 1, will yield a relaxation rate which is larger than the
native rate T1} or T5§. This is due to an additional relaxation process parallel to the
native relaxation which arises through transport into and out of the liposome: water
molecules diffuse through the liposome membrane into the liposome interior, expe-
rience rapid relaxation through the contrast agent confined there, leave the liposome
interior, and at the instance of observation appear at position r. In our description of
nuclear spin relaxation we will make the simplifying assumption ! of monoexponential
decays of magnetization. In this approximation the decay constant 7' for the com-
bined native and transport-mediated decay processes is

T(r)=To' +r7'(r) [1]

where 7(r) is the relaxation time of magnétization at position r, casting also this
process into the form of a monoexponential decay. For T one can choose €ither T o
or T, resulting in T'(r) being either the observed T; or T, respectively. This inter-
changeability results from the relaxation processes inside a liposome, i.¢., in the presence
of a contrast agent, acting almost immediately when compared with the native relax-
ation, whether the relaxation be transverse or longitudinal. If, in an experimental
setting, there is another relaxation enhancement mechanism (e.g., especially for 75
susceptibility effects), then the effect of that mechanism can be incorporated into 7', o
or T, in the same way that T, goes to 77 .

The experimental observables are in fact spatial averages of these rates, written as
1/T and 1/{7). By the previous discussion {7) is an exchange time of membrane
transport. The main goal of our paper is to provide a mathematical expression for
{7) and to demonstrate its validity in describing observed relaxation rates.

The quantity which will be evaluated below is the magnetization m(r, ) of nuclear
spins at location r and at time ¢. It is more convenient to consider separately the
transverse and longitudinal components of this vector, defined in cylindrical coordi-
nates through m(r, 1) = Mong(T, 1) + Muans(r, t)p Where Z is the direction of the
static, external magnetic field. Henceforth, m(r, t), with neither a subscript nor a
vector symbol, will indicate either Mong(T, ) OF Mirans(T, ).

Since magnetization is linked to water molecules, it is subject to the same diffusion
law as the water molecules themselves. Hence, in order to describe each component

! This monoexponential assumption can be relaxed if one employs a more general version of the mean
relaxation time theory to be presented in Section 2. Such a generalization can be found, for example, in
Refs. (6, 18). Since the analysis of raw data in MRI presupposes monoexponential relaxation, the assumption
made here should be satisfactory. Nonetheless, it appears to be most interesting to consider the possibility
of improved image contrast by exploiting multiexponential decays (2).



CONTRAST AGENTS IN LIPOSOME SYSTEMS 5

m(r, t) we will use the Bloch equations to which we add a-term V. D(r)Vm(r, t).
The components of the local nuclear magnetization m(r, ¢) are then governed by

at (rntrans(ra t)) = [V' D(r)V _ (in + TE,(I))] (mtrans(ra t)) , [2]

mlong(r’ t) Tl—,(l) mlong(rs t)

where D(r) is the local diffusion coefficient, wp is the Larmor frequency, and T3,
T} are the transverse and longitudinal native, i.e. bulk water, relaxation rates, re-
spectively, which can be a function of position.

The solution of Eq. [2] requires specification of the initial and boundary conditions
on the magnetization components m(r, t). We assume that the magnetization is
initially uniform and at a maximum absolute value, i.e.,

m(r’ r= 0)=m0’ [3]

- as occurs, for example, for m.,,s after a simple 90° pulse. The condition at R, is
implied by the impenetrability of the surface: the flux normal to the surface D(r)V m(r,
t) must vanish. The boundary condition is then

7+ D(r)Vm(r,t) =0 atr = R,. [4]
Because of the spherical shape of the boundary, this reads, for D(r) # 0,
dm(r,t)=0 atr = R,. (5]

The boundary condition at R, is due to the assumption that inside the liposome the
relaxation is infinitely fast. This corresponds to the assumption that m(r, t) vanishes
everywhere inside the liposome, in particular, at r = R,, i.e.,

m(r,t)=0 atr=R,, t>0. [6]

Hence, the diffusion space is effectively limited to the region between the radii R, and
R, and the magnetization components m(r, ¢) need to be evaluated only in this region.

Since the Larmor frequency and the native relaxation rate are spatially independent
in the space R, < r < R,, one can separate out the native relaxation (and Larmor
precession for the transverse component) in Eq. [2] so that each component satisfies
the simple diffusion equation

at”’(r’ t) =V D(r)Vu(r, t)’ [7]

where u(r, t) describes either the longitudinal or the transverse component of the
magnetization and is connected with 72,5 and 7y, through the substitutions

Migans = € 7“0 T20p(x 1) OF  Migng = €7/ T00u(r, 1). [8]

The prefactors in this substitution account for the relaxation described by the first
term in Eq. [1]. Thus, the result of these transformations is a diffusion equation which
describes the transport-mediated component of nuclear spin relaxation around
liposomes.

The boundary conditions on u(r, ¢) follow trivially from those on m(r, ¢). The
solution of Eq. [ 7] must be continuous and flux conserving across the surface of the
liposome at r = R, where the diffusion jumps from a value D,, to D,,. This implies
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ue(r = Ry, 1) = po(r = Ry, 1) | [9]

D, du(r, t)|r=Rb = Do (r, t)|r=Rb [10]
where the subscripts < and > denote that the limit lim,. g, u(r, ¢) is taken from the
left and right of R, respectively. The spherical symmetry of the diffusion space implies
that u(r, ¢) will also be spherically symmetric. In spherical coordinates Eq. [ 7] becomes

Qlr, 1) = 3 8,2 D)7, ). [11]

Mean Relaxation Time Approximation

As pointed out above we actually seek to determine the relaxation time 7(7) which
is defined as the time constant which approximates the local magnetization u(r, ¢) in
terms of a single exponential decay

w(r, t) ~ e ™", [12]
This approximation, however, is not unique. It has been demonstrated for a broad
number of transport-mediated processes that the following realization of the above

approximation (Eq. [12]) often leads to satisfactory results (see Ref. (18) and references
therein):

po = p(r, t=0), f dtuee™"" = f dtu(r, 1). [13]
0 0

The significance of these conditions is that the function uge ~*/"(") is chosen to match
the initial conditions and, rather than match the initial s/lope, which may be due to a
small, but fast component of the decay, the time integral of the function should match
that of u(r, t). This latter function represents the total contribution of the nonnative
components to the overall relaxation. In this way 7(r) is a more accurate indicator of
the overall relaxation behavior.

Equation [13] is equivalent to the following definition of 7(r),

7(r) = 1 fm dtu(r, t). [14]
Mo JO

7(r) is referred to as the mean relaxation time (18). By applying Eqgs. [13] to Eq. [11],
one can show that 7(r) obeys the inhomogeneous differential equation

%B,rzD(r)a,T(r) =-1 [15]

This differential equation must be complemented by spatial boundary and continuity
conditions which follow from those on u(r, z) together with Eq. [14].
Equation [15], with conditions 5-10, can be integrated analytically to reveal

(0 r<R,
1 [(R} R2 R} 1
=1 |7 5) (T3] Rewrsf. Lol
~ 1 [(R} R} (R} 1
\T(V—Rb)+3Dw[(Rb+ 5 . +2 Rb<f<Ra
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NMR observations of liposome systems, e.g., those of Ref. (20), cannot resolve
spatial details on the scale of the mean distance between liposomes, so the observable
which determines relaxation rates is the average magnetization

M(¢) = % de3rm(r, b, [17]

where the integration is over the sphere of radius R, around a liposome (V =
(47/3)R2). Employing Eq. [8] for either the longitudinal or transverse component
of the local magnetization (with T, in place of T, or T, and ignoring e~*) one
obtains for the respective component of M(¢),

M) = % fV d’ru(r, t)e™"To, [18]

In keeping with the analysis of raw data in observations we assume again a mono-
exponential decay of the observable: M(t) ~ Mye /T for either the transverse or
longitudinal magnetization, where M, = my = yj is the initial magnetization.? Plugging
this approximation into Eq. [18], applying approximation [12], and integrating both
sides over all time one obtains

_ 1 1\!
o)

To obtain T we approximate further

1 1 1 1
?zﬁ+@ where<‘r>=7de3rT(V)- [20]

The expression [20] would be exact if 7(r) were constant in the region R, < r <
R,. Fortunately, for the small ratio D,,/D,,(~1073 is typical; see Section 3) and for
d < R,, Eq. [16] is in fact nearly constant (deviation less than 0.1%) over the region
R, < r < R, which is by far the greater part, namely 99%, of the region of integration
for Eq. [19]. The constant contribution to 7(r) can be interpreted as the exchange
time across the liposome membrane. The deviation in 7(r) describes the time water
molecules require to reach the liposome surface. The contribution to the integral [19]
from the small (1%) volume R, < r < R, is negligible, unless 7(r) becomes very large.
The latter possibility is not realized, for in this range 7(r) varies monotonically (nearly
linearly) from a value 7(R,) = 0 to a maximum value at r = R,, the latter corresponding
to the exchange time across the liposome membrane. Hence, in this case the approx-
imation involved in Eq. [20] is nearly exact.

By M(t) ~ Mye /T, the overall relaxation rate is given by 1/7, and Eq. [20]
implies that 1/{7) describes the increase in the native relaxation rate due to exchange
across the liposome membrane. For (7) one obtains

? That the actual decay may be of a form M(¢) = My(1 — 27T}, or may oscillate by e~ is of no
consequence here; we are only concerned with the envelope of the decay.
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1 Dn,—D, 1

D,-D,
=—|R} = e
2 [ (Re D, R,,)+R" D,
1 D, — D 9D,,
2 _ 5 m w 5 2
+ R2 SRg(Rb o +Re) RSD]. [21]

The term proportional to R2 gives the main contribution to this expression, the
remaining terms being of order (R;/R,)?, (Ry/R,) (D/D,,) or smaller. The leading
contribution to the exchange time is then

R 1
(7 3D, (R Rb) [22]
The corresponding exchange rate can be expressed in terms of the permeability P =
D,./d, total volume V = (4% /3)R2 (which is almost entirely external volume) and
an effective surface S = 4wR, R, in the expected way,

_pﬁ [23]

(ry
where d = R, — R,. Here the radius for the effective surface .S is the geometric mean
of R, and R,,. Thus, in the low concentration regime the relaxation rate is proportional
to the permeability of surface area of the membrane and inversely proportional to the
water (mostly) free of contrast agent.

In Ref. (20) values of 1/T have been reported as a function of liposome density.
The contrast agent is entrapped at a concentration C, within the liposomes. If one
defines C, as the concentration of contrast agent which would be measured if the
entrapped material were spread uniformly over the whole volume, i.e., bulk water
and liposomes, then the relationship holds

volume of liposomes ( Ceﬂr) _ (Re)3

total volume Co Fa

[24]

For the rather low concentrations (C.q < Cy) normally employed for prenmental or
clinical purposes, and typical membrane diffusion coeflicients (D, <D;), approxi-
mation [22] holds and [21] simplifies to

I _ 3DuRy Ca_, 3R Ca
<T> d(Rb—d)2 Co (Ry—d)* Gy’

where for typical values (Ceg/Co =~ 0.01) the approximation is within about 3% of
the value given by the full expression. Equation [25] illustrates that the exchange rate
1/{7) depends linearly on both the permeability P of the membrane and the concen-
tration ratio Ceg/Cy. The parameters, d, Cp, and C., as well as the liposome outer
radius R,, are empirically determined.

[25]

Liposomes Excluding Contrast Agent

We consider now the situation where the bulk water contains contrast agent and
liposomes, but the liposomes do not contain contrast agent. Liposomes are manufac-
tured to contain only water and are then placed in a solution of Gd-DTPA, after
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which the MRI experiments are performed on this admixture. The system is analogous
to erythrocytes in a plasma doped with Mn?* (8, 17).

The geometry of such system is inverse to the one presented in Fig. 1. In the space
exterior to the liposomes, the nuclear spins are exposed to the contrast agent and
experience fast relaxation. Because most of the water is external to the liposomes, the
relaxation outside the liposomes constitutes the largest component of the decay of
magnetization. The bimodal relaxation is identical to that of the erythrocyte system
investigated in Refs. (8, /7). Here we consider only the smaller, slower component
of relaxation due to the entrapped water.

The magnetization due to the water in the liposome interior and liposome membrane
obeys again the diffusion-Bloch equation [2]. Transformation [ 8] yields the diffusion
equation [7]. We again assume that water nuclear spins relax instantaneously in the
presence of Gd-DTPA—in this case, in the bulk water. In the resulting system the
boundary conditions to be obeyed are different from those in Section 2. Instantaneous
relaxation in the liposome exterior implies u(r > R,, t < 0) = 0, and conservation of
particles, i.e., vanishing of diffusive flux, at the origin implies the second boundary
condition d,u(r = 0, t) = 0. The magnetization and the flux of particles across the
interior side (r = R,) of the membrane are continuous.

Again the local relaxation time 7(r) defined through Eqgs. [12] and [13] satisfies Eq.
[15]. The boundary and continuity conditions for 7(r) are derived by applying the
above conditions to Eq. [12]. The ensuing problem can be solved analytically yielding

1 1
(RE=r)+— (R}~ R}) r<R,

6D, 6D,,
{1
(r) = E(R%,-—rz) R,<r<Ry- [26]
0 Ry<r<R,

A component M(f) of the average magnetization M(¢), as defined by Eq. [17], is
the physical observable. In the present setting the observable describes only the nuclei
in the liposomes (including membranes). The initial magnetization M, is then given
by the relation (M,/total initial magnetization) = (volume of liposomes/volume of
liposomes plus bulk). We assume again a monoexponential decay M(t) ~ Mye™/7.
In order to obtain a description of the fotal magnetization, a biexponential treatment
is indispensable for this geometry where, unlike that of Section 2, a large fraction of
the total volume is characterized by a rapid exponential decay (2).

As in Section 2, the terms proportional to D} make the dominant contribution to
7(r). Since these terms exhibit only a weak dependence on r the exchange rate is again
given by Eq. [20]. We obtain in the present case

_ 1 [RI—(Ry—d)’ D,(Ry—d)°
(m= 15Dm[ R} D, R | 271
The leading contribution to this expression is
_ dR, _ ST
=5pe=r7] (28]

Here, P = D,,/d, S = 4xR}, but, in contrast to Eq. [23], V' = (4w /3)R} is the inside
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volume, i.e., again the volume which is free of contrast agent. This expression agrees
with that used in, e.g., Refs. (8, 12, 16).

3. COMPARISON WITH EXPERIMENT

Here we compare the results obtained above with available observations. We consider
first liposomes containing a contrast agent such a Gd-DTPA. At low effective con-
centrations one can apply Eq. [25] for different values of R, and Ceq. In all comparisons
we assume a membrane thickness d of 5 nm. We assume a coefficient describing the
self-diffusion of water D,, = 10> cm?/s; for the reasons stated above the self-diffusion
of water contributes negligibly to the relaxation rate.

Using the values for R,, Cy, and C.g given by Tilcock et al. (20), we are able to
reproduce the experimental results of these authors for egg-PC liposomes with and
without cholesterol after adjusting D,, for each composition: the choices which agree
well with the data are D,, = 0.47 X 10~° cm?/s for liposomes with cholesterol and
D,, = 1.4 X 1072 cm?/s for those without. These values are in the expected range for
such membrane compositions (16). The predictions resulting from Egs. [20] and
[21] are compared in Fig. 2 with data of Ref. (20). The ordinate axis corresponds to
the spatially averaged, overall relaxation rate 1/7; the intercept is the native rate
T1}or T54. (See Eq. [1] and discussion that follows.) At the low effective concentrations
of the observations, the linear approximation [25] is within about 3% of the complete
expression [21], yet the two expressions give noticeably different results for concen-
trations C.¢ above 10 m M (not shown).

While we found excellent agreement between theory and experiment for liposomes
with radii < 100 nm, a significant discrepancy is evident in Fig. 2 for liposomes with

liposome

radius liposome
radius
2500
2000 35 nm
8 1500
=
= 1000 50 nm
500
100 nm
05 1 15 2 - 50 100 150 200 250 300
@ Cot (MM) ® Ceft (MM)

FIG. 2. Relaxation rate vs effective concentration of Gd-DTPA. The results in solid lines are plotted from
Egs. [25] and [20], assuming d = 5 X 1077 ¢cm and Cp = 670 mM (corresponding to experiment) and D,
= 0.47 X 10~° cm?/s (matched value). The individual symbols represent experimental T';' relaxation rates
for liposomes of radius 35 (O), 50 (A), 100 (<), and 200 (V) cm X 1077, respectively, at a field strength
of 1.5 T. (Source: Tilcock et al. (20).) Also recorded are liposomes of radius 50 X 1077 ¢cm (OJ) that, in
contrast to the others, are cholesterol-free, i.e., more permeable to water. To match these data, a diffusion
coefficient D,, = 1.4 X 107° cm?/s has been assumed. The value for 1/T at Ceg = 0 is just the native
relaxation rate for water, i.e., 0.2 s7! (20).

FiG. 3. Extension of Fig. 2 for large effective concentrations. Notice that the relaxation rate takes on a
markedly nonlinear increase with concentration. Here also D, = 0.47 X 1072 cm?/s.
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aradius of 200 nm. Although we expect that the monoexponential decay approximation
applies especially well for liposomes with a large radius, it is possible that the suscep-
tibility effects mentioned in the introduction also contribute to the overall relaxation
enhancement, since the measurements must entail some transverso relaxation.

For effective concentrations larger than 2 m M the relaxation rates predicted by means
of Egs. [20] and [21] exhibit a nonlinear dependence on Ceg. This behavior is presented
in Fig. 3. While the concentration range in Fig. 3 may not be clinically relevant, it
should nevertheless be possible to test this dependence on C.g experimentally.

Smaller liposomes are more effective than larger liposomes in enhancing relaxation
for a given effective concentration of contrast agent. The observations (20) indicate
that the relaxivity increases linearly with the surface to volume ratio. From the ap-
proximate expression [22] we find to first order in d/R;,

relaxivity = (1/T)/Ceg =~ (S/V)PC,, [29]

where V = (47 /3)Rj} is the internal volume and S/V = 3/R,,. In Fig. 4 the dependence
on the S/V ratio is shown for relaxivities evaluated according to Eqgs. [20] and [21].
For low effective concentrations, i.e., on the order of 1 m M, Eq. [21] and the ap-
proximation thereof [22] give the same results; i.e., graphs of the two expressions are
indistinguishable on the scale of Fig. 4. It can be seen from Fig. 4 that the predictions
agree well with the observations, except for the datum corresponding to R, = 150 nm.
This again suggests that for the larger liposomes an additional relaxation enhancement
mechanism, most likely involving susceptibility effects, is involved.

Ceﬂ (mM)
100
3 -
3 L
25 2
10 25 L7
2 = g
1 2 2: .
15 < o
A 15 L
e R
1 Vo .
05 o5l 2
0.02 0.04 0.06 0.08 0.1 100 200 300 400
surface area / volume {nm™1) ® Ry, (nm)

FIG. 4. Relaxivity (s~! mM ') as a function of the surface to volume ratio plotted (solid lines) from Eqgs.
[20] and [21] for liposomes of radius 30 nm and larger. An analogous plot using Eq. [25] instead of Eq.
[21] is indistinguishable from the curve corresponding to 1.0 m M effective concentration. Observations
(dots) are of T, relaxivity (from Tilcock et al. (20)) for liposomes of radii 35, 50, 100, and 150 nm, from
right to left. (Again, D,, = 0.47 X 10~° cm?/s).

FIG. 5. {7 versus liposome radius R,. The dashed line has been plotted from Eq. [28]; the solid line,
from Eq. [27]. These values are obtained assuming a reasonable membrane thickness 4 of 5 nm, and
assuming D,, = 1073 cm?/s and D,, = 2 X 107! cm?/s. The overall relaxation rate for entrapped water can
be computed via Eq. [20]. See text for explanation of D,, value.
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Liposomes Excluding Gd-DTPA in Solution

We consider now liposome systems which in their interior exclude contrast agent
present in the exterior. In Fig. 5 we compare the theoretical relaxation rates resulting
from Eq. [27] and the linear approximation [28]. The two expressions are found to
agree within 5% for radii somewhat greater than 200 nm. For liposomes with radii of
50 nm or smaller, however, the disagreement between the expressions is larger than
20%, and the former expression should be employed.

The present theory is supported by recent observations by Magin et al. (16). These
authors used liposome suspensions, with Gd-DTPA as an external relaxation agent,
to measure D,, by assuming Eq. [28]. When the magnetization decay data of such
experiments are plotted on a semilog scale, two relaxation rates can be abstracted
from the observed biexponential decay. The fast rate is due to relaxation enhanced
by Gd-DTPA in the bulk. The smaller rate is due to relaxation in the liposome interior.
The latter rate, at 1.5 s™!, is larger than that in pure water, indicating relaxation due
to exchange across the liposome membrane. One can then plug this rate into Eq. [28]
or Eq. [27], along with the liposome radii, to determine the membrane permeability.

For their liposomes Magin et al. find D,, ~ 107'2 cm?/s. They show that their
results compare well with other methods of determining D,,. One difficulty in such
comparisons is that small variations in liposome composition and temperature (esp.
near the gel to liquid transition ) have an enormous effect on D,,. This effect, however,
can be used to great advantage, e.g., in the use of liposomes as a delivery system for
contrast agents (/).

4. CONCLUSION

We have presented a formalism, the mean relaxation time approximation, which
allows a systematic description of transport-mediated relaxation processes of nuclear
spins. The theory is found to describe accurately relaxation due to contrast agents
entrapped in liposomes, a system for which systematic observations exist. The theory
is also used to describe relaxation in systems of bulk water with contrast agent and
with liposomes which exclude the contrast agent in their interior. The main results
are simple expressions for the overall relaxation times in these systems which reduce
in certain limits to the conventional formula:

surface
volume

rate = (permeability)

where the volume is that which is free of contrast agent.

In the present paper the problems could be solved in terms of analytical expressions
because they allowed reduction of the diffusion-Bloch equation to a single effective
spatial dimension with a single compartment of interest. In a forthcoming work (2)
we show how the mean relaxation time formalism introduced here provides an efficient
route to numerical descriptions in situations for which such a reduction cannot be
achieved, e.g., a contrast agent present only on the surface of a liposome, and how
the formalism can describe relaxation in other compartmentalized systems (e.g., cap-
illaries). There we show through simple applications such as those presented above
how the formalism can be extended to more complex geometries and biexponential
approximations, providing a suitable tool for modeling important aspects of MRI.
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Note added in proof.  After submitting this paper we found that the description presented in the section
entitled “Liposomes Excluding Contrast Agent” is similar to the model presented in K. R. Brownstein and
C. E. Tarr, Phys. Rev. A 19(6), 2446, 1979. It has recently been predicted that diffusion effects in liposome
systems, and in other systems with compartmental boundaries, should play a decisive role in MRI at mi-
croscopic resolution (Benno Piitz, Daniel Barsky, and Klaus Schulten, Chem. Phys. Lett. 183, 391, 1991;
J. Magn. Res., in press). Equation [27] in the present work allows one to obtain the permeabilities of
liposomes to water; i.e., the quantity pertinent to diffusional effects in MRI Microscopy.

REFERENCES

. G. BACIC, M. R. NIESMAN, R. L. MAGIN, AND H. M. SWARTZ, Magn. Reson. Med. 13, 44 (1989).

. D. BARSKY, B. PUTz, AND K. SCHULTEN, submitted for publication.

W. R. BAUER AND K. SCHULTEN, Magn. Reson. Med., in press.

N. BLOEMBERGEN, J. Chem. Phys. 27, 672 (1957).

R. C. BRASCH, H.-J. WEINMANN, AND G. E. WESBEY, Am. J. Roentgenol. 142, 625 (1984).

A. BRUNGER, R. PETERS, AND K. SCHULTEN, J. Chem. Phys. 82(4), 2147 (1985).

S.C-K. CHU, Y. Xu, J. A. BALscHI, AND C. S. SPRINGER, JR., Magn. Reson. Med. 13, 239 (1990).

. T. CONLON AND R. OUTHRED. Biochim. Biophys. Acta 288, 354 (1972).

. C.F. G. C. GERALDES, K. T. KuaN, S. H. KOENIG, W. P. CACHERIS, R. D. BROWN, A. D. SHERRY,

AND M. SPILLER, Magn. Reson. Med. 8, 191 (1988).

10. P. GILLIS AND S. H. KOENIG, Magn. Reson. Med. 5, 323 (1987).

11. G. GREGORIADIS, ED, “Liposome Technology,” Vol. 2, CRC Press, Boca Raton, FL, 1984,

12. N. HARAN AND M. SHPORER, Biochim. Biophys. Acta 462, 638 (1976).

13. G. KABALKA, EDWARD BUONOCORE, KARL HUBNER, THOMAS Moss, N. NORLEY, AND L. HUANG,
Radiology 163, 255 (1987). ,

14. C. G. KNIGHT, ED, “Liposomes: From Physical Structure to Therapeutic Applications,” Elsevier, North-
Holland, Amsterdam, 1981.

15. P. C. LAUTERBUR, December 1989. Personal communication.

16. R. L. MAGIN, M. R. NIESMAN, AND G. BACIC, in “Advances in Membrane Fluidity,” (R. C. Aloia,
C. C. Curtain, and L. M. Gorden, Eds.), Vol. 4, A, R. Liss, New York, 1990.

17. V. V. MORARIU AND G. BENGA, Biochim. Biophys. Acta 469, 301 (1977).

18. W. NADLER AND K. SCHULTEN. J. Chem. Phys. 82, 151 (1985).

19. R. A. SCHWENDENER, R. WUTHRICH, S. DUEWELL, G. WESTERA, AND G. K. VON SCHULTHESS, Int.
J. P. 49, 249 (1989).

20. C. TILCOCK, E. UNGER, P. CULLIS, AND P. MACDOUGALL. Radiology 171, 77 (1989).

21. P. TursKl, T. KALINKE, L. STROTHER, W. PERMAN, G. SCOTT, AND §. KORNGUTH, Magn. Reson.
Med. 7, 184 (1988).

22. E. C, UNGER, T. WINOKUR, ¢f al., Radiology 171, 81 (1989).

23. H.-J. WEINMANN, R. C. BRascH, W-R. PRESS, AND G. E. WESBEY, Am. J. Roentgenol. 142, 619

(1984). :

BN MR W~



