Statistical Mechanics of Proteins

Ubiquitin

Show molecular dynamics trajectory in VMD




Equilibrium Properties of Proteins

Ubiquitin

Root Mean Squared Deviation: measure |
for equilibration and protein flexibility ;.
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NMR structures

aligned together to see flexibility
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Protein sequence
exhibits
characteristic
permanent
flexibility!

MD simulation

The color represents mobility of the protein per
residue through simulation (red = more flexible)




Thermal Motion of Ubiquitin from MD

RMSD values per residue
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Thermal Motion of Ubiquitin from MD
Temperature Dependence of Crystal Diffraction (Debye-Waller factor)

Bragg’s law
2d sinf = A

structure factor

fj 6Xp[-i§° 7_’}]

.
[sI=1/d

But the atom carries out thermal vibrations around equilibrium
position L

ri(t) = Zj + j(t)
Accordingly:

(fiexp|—i5-75]) = fjexp|—iS-Z,] (exp|—1i5- u,])




Thermal Motion of Ubiquitin from MD
Temperature Dependence of Crystal Diffraction (Debye-Waller factor)

One can expand:

(expl=iz- Tl = 1 — i (5-T) —3((F-T)") +...
=0
Spatial average for harmonic oscillator: ((S- ﬁj)2> = %82 <u§>

One can carry out the expansion further and show

= dili _ 1.2 2
(exp|—i5 - U;]) = exp [——s <<uj>}
Using for the thermal amplitude of the harmonic oscillator
%mwQuQ = %/{ gl
one obtains Debye-Waller factor

(fiexp|—i5-7;]) = f; exp[—sszT/meZ] exp|—i§ - T




Equilibrium Properties of
Proteins

Energies: kinetic and potential
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Equilibrium Properties of
Proteins

Energies: kinetic and potential
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Energy [kcal/mol]

Equilibrium Properties of
Proteins

Energies: kinetic and potential
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Maxwell Distribution of Atomic Velocities
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Analy51s of E,.., T (free dynamics)
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Definition of Temperature

1 3

2 1
T = —miv?
3N kn Qj: 5™M5Yj)

The atomic velocities of a protein
establish a thermometer, but is it
accurate?




The atomic

velocity

thermometer
is inaccurate

due to the

finite size of a

protein!

Temperature [K]

Temperatur Fluctuations
Maxwell distribution
dP(vn) = cexp(—mu2/2kpT) dvn (7)

Individual kinetic energy €, = muv? /2

dP(e,) = (7Tpen) M2 exp(—e,/kpTy) de, (8)
One can derive (temperature T_O in units k_B)
(en) = To/2 (9)
() = 3T2/4 (10)
(‘i) - <6n>2 - 73/2 (1T)

The distribution of the total kinetic energy Fp, = >, %mjv‘]-?, according to the
central limit theorem, is approximately Gaussian

_(Ekin - <Eki-n.>)2

P(Ein) = ¢ exp ) (3Nkf,:r§) (12)
)
" The distribution function for the temperature (1" = 2F};,/3kg) fluctuations
AT = T — T, is then
P(AT) = cexp|—(AT)*/20%],  o* = 2T%/3N (13)

For 1y = 100K and N = 557, this gives 0 = 3.6.
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Normal Distribution of Temperatures
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Energy (kcal/mol)
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Specific Heat of a Protein

Total energy of ubiquitin (NVE ensemble)
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Simulated Cooling of Ubiquitin

* Proteins function in a narrow (physiological)

temperature range. What happens to them when the
temperature of their surrounding changes significantly
(temperature gradient) ?

* Can the heating/cooling process of a protein be

simulated by molecular dynamics ? If yes, then how?

* What can we learn from the
simulated cooling/heating of
a protein ?




How to simulate cooling ?

Heat transfer through
mechanical coupling between
atoms in the two regions

" s, ¢ -~

oolant layer of atoms

motion of atoms is subject
to stochastic Langevin

i g Dty M) dynamics

\,if«,: . v : mr = FFF -+ FH + Ff + FL
N F,. —force field

F,, —harmonic restrain
F, —friction

F, —Langevin force

sTe s,

¥ SR atoms in the inner region
S e T follow Newtonian dynamics
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Simulated Cooling - Result

| t | <Ts'i.m> “ t | <Ts-i-m> ” t | <Tsim.> ” t | <Tsim> |
0.05 | 298.75 || 1.05 | 276.00 || 1.95 | 267.00 || 3.25 | 261.00
0.15 | 289.25 || 1.15 | 276.50 || 2.05 | 268.50 || 3.45 | 258.50
0.35 | 285.50 || 1.25 | 275.25 || 2.25 | 266.50 || 3.55 | 259.50
0.55 | 282.25 || 1.35 | 271.00 || 2.35 | 264.50 || 3.95 | 256.50
0.65 | 282.75 || 1.45 | 271.75 || 2.55 | 263.50 || 4.05 | 257.25
0.75 | 279.00 || 1.65 | 269.50 || 2.65 | 264.50 || 4.45 | 254.00
0.85 | 277.75 || 1.75 | 271.00 || 2.85 | 262.00 || 4.55 | 255.25
1.00 | 277.50 || 1.85 | 268.00 || 3.05 | 262.50 | 4.85 | 252.00

Table 1: Mean temperature (T;,,) [K] of the protein as a function of time ¢ [ps].
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Heat Conduction Equation

ol (r,1)

Ot

= DV?T(r,1)

thermal diffusion

/ mass density

coefficient ———— D =K/p C\

‘ specific heat
thermal conductivity

+ approximate the protein with a
homogeneous sphere of radius
R~20 A

+ calculate 7(r t)assuming initial
and boundary conditions:

I'(r,0)=1, for r <R
T'(R,t)=1,

ath




Solution of the Heat Equation

o1 (r,t)
ot

= DVT(r,t),
D = K/pc,

Initial condition

T(r,0) = (Tsim)(0) for r < R,
Boundary condition

T(R, t) — Tbath .




Solution of the Heat Equation

Spherical o1 (r,t) 1,
symmetry ot = D ;87,7°T(7“, t) Tbath
We assume
oC r
T(?“, t) = Tpgtn + Z ane/\ntun (7“)
n=1

difference from bath

Here u, are the eigenfunctions of the spherical diffusion operator

D d?
L =22
r dr2r

D d? .
D& run(r) = Aun(r) . un(0) = finite . un(R) = 0




Solution of the Heat Equation

T(?‘, t) = Tpath + Z Ay, €XP [_ (n_];T)Q D t] sin (n:’f‘/R) Tbath
n=1 ‘ :
Ay = EAT(_]_)TH-H
mit
AT(1,7)
AT(0,r ] protein
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Solution of the Heat Equation

Temperature averaged over volume

3\ —1 R
(47TR ) /dBrT(r, t) = i} r2dr T(r, t)
3 R 0

00 9 3 R -
e S () 0] o 55

(T)(t)

300 ¢

n=1

AT 1
Tbath + 6? Z n_2 exXp

n=1

290
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Temperature [K]
[\e]
3
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theory

D ~ 0.38 x 10 2cm?s~ !

250

5 water 1.4 x 10 3cm?s~!




