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Biological Modeling at Different Scales

Atoms Subcellular structure Single ceIIs Multicellular organisms & populations
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Master Equation

Deterministic ODE Probabilistic ODE

dx dP(5.t
— = Ax 5, >:AP(§,t)
dt dt

State Vector Transition Matrix

(Probability of Birth/Death)
S1
g=| 2 A(t) = A(0)



Chemical Master Equation

dP(3,t)

= AP(s,t A=R-S
dt (87)

Transition Matrix Represents Chemical Reactions by:

Rate Matrix Stoichiometric Matrix
a1 ! S1,1  S1,2 S .M
R=| 7 S=1 ¢
Qs S1,M SN,M

where: «; are propensities for a reaction to occur
and: s;; are the counts of each reactant



Chemical Master Equation

dP 1)
(5, ZO‘“ S—5,)P(5—s,,t) —a,(5)P(5,1)

Transition propensities are related to macroscopic rate constants:

First order: $; —— p; a(S) = ks;

k
Second order:  s; + S; > Di o3) = ésisj

Probability of reaction p occurring in some time is:

o, (S)dt



Chemical Master Equation

dP 1)
(5, ZO‘“ S—5,)P(5—s,,t) —a,(5)P(5,1)

D Y 1

s-3 S-2  Ss-1 S S+1 s+2 543



Chemical Master Equation

dPst

o (XM(E’)P(E’, t)




Chemical Master Equation

dP(s,t)

o (XM(E’)P(E’, t)




Stochastic Gene Expression

Reaction Scheme ODE
k
D * v D d
T L = o — kg
M —F o
Constitutive

Gene Expression
Chemical Master Equation

dP(m,t)
dt

= — k:P(m,t) — kgmP(m,t)
+ ki P(m —1,t) + kgim + 1))P(m + 1,t)



Stochastic Gene Expression
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Stochastic Gene Expression
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Stochastic Gene Expression

Time (s)



Stochastic Gene Expression

Count of 'm'

100 Replicates

Time (s)



Exact Solution to Constitutive Gene Expression

Moment Generating CME
Function
o dP(m,t) B B
F(z,t) =Y z™P(m,t) dt keP(m, 8) = kamP(m, )
m=0 + ki P(m —1,t) + kg(m + 1)P(m + 1,t)
0F (z,t) -

o = 2 P Multiply by zm and sum over m

m=0

aF({()?t):—ktz 2™ P(m,t) — demz

m=0
o0

+ke Y 2"P(m—1,t) + kq Z 2™(m 4+ 1) P(m+1,t)
Factor out z and Compute Moments
OF (z,1)
ot

=—kF(z,t) — kgzF(2,1)

OF (z,1)

kizF(z,t) + k
—l_tZ (Zy)_I_d at




Exact Solution to Constitutive Gene
EXpression

OF (z,1)
ot

OF(z,t)
ot

+ kizF(2,t) + kg
Assume Steady-State and Solve

F(z,t) = C’e’]:_flz
Taylor Expand and Group Terms




Exact Solution to Constitutive Gene

EXpression
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| otka-Volterra (Predator-Prey)

Model ODEs
Prey
L ‘/ Predator ax k
@ p >X / dl‘ = a kpXY
X+Y—s2Y dY

e — =k, XY =Y




| otka-Volterra (Predator-Prey)

Deterministic Solution

oof |10 LN
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Effects of DNA Replication on mRNA
Noise [2]

Replication Model [1]

| =~ —

Replication Schematically
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Exact Solution

Constitutively Expressed Genes are
Poisson-Distributed throughout the cell cycle

k
kKt O<t <t
— 77 — kd’ ;
(t) = m(t) { k(g ekalt=t)) ¢ <t <tp

Time-averaging CI\/IE yields moments of P(5)
tp — Uy

{I kdtp_ } i

) —fkatp _ ,—2fkgqtp __ 7
Varfm] = {(m) — (m)? + (m)3 [Hsf 6 6 }
2kqtp
<m>% 8€_fkdtD _ e~ 2fkatp _ 7
F =1 — - 1 :
ano|m| (m) ) +3f i

Only , degradation rate and are needed



Model Validation

Simulations Experiments [1]
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Region of Importance

Error in noise when neglecting mRNA relaxation®
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Effect is large when:
« mMRNA halt-life is large
* mean MRNA count is high * 70 min doubling time



Other Noise Sources

* Regulated Gene expression

e 0<t<t
ﬁl(t) pr— {"écz kon+kof r
ka

e — (2 —ekaltrmt)) f <t < tp

-

-

of

2 (1) ~s kikos
Um(t) ~ (t) (1 T (kon + koff)(kon + koff + kd))
 RNA polymerase variability (<m>/10 Fano units)

vVar|k;]
E[m]k;

Fano[m| ~ Fano [m|k?t] -+

* Relaxing assumption that mRNA relaxes betore cell
division



Fano factor contribution

Contlicting Interpretation of Experiments
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Reaction-Diffusion Master Equation

dP(3,t)
dt

— AP(5,t) A=R-S+D

Vi R
dP t)
X, L L[ a,(x ) + a,(x, — S;)P(x, — S, )]

;--

+1 J N

V
+XZ; Y [—dezg P(x, t) + d* (22, + 12)P(x + 15, — 12,1)

v

x



Reaction-Diffusion Master Equation

dP(3,t)

— AP(5,t) A=R-S+D
dt
< Physical Space >
S . S . —_—— {—|—|—|—?—|—|—|—} S . S . —_——
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Reaction-Diffusion Master Equation

dP(3,t)

— AP(s.t A=R-S+D
dt (87)

X-1 X X+ 1



Reaction-Diffusion Master Equation

dP(3,t)

— AP(s.t A=R-S+D
dt (87)

X-1 X X+ 1



Min System Example

Sets up the “center plane” SN 1)
for cell division S

https://www.youtube.com/watch?v=6bnB90Oeh3TA
https://en.wikipedia.org/wiki/Min_System#/media/File:MinCDE_System?2.svg



Min System Example
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J.R. Peterson, M.J. Hallock, J.A. Cole, Z. Luthey-Schulten, (2013) PyHPC '13: Proceedings of the 3rd Workshop on Python for
High-Performance and Scientific Computing.



Complex Geometries in Lattice

Microbes
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Complex Geometries in Lattice Microbes
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omplex Geometries in Lattice Microbes
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