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Acronyms, Abbreviations, and Units

A
A adenine (purine nitrogenous base)
	A angstrom (

���������
m)

AdMLP adenovirus major late promoter (protein)
AIDS acquired immune de�ciency syndrome
Ala (A) alanine
Arg (R) arginine
Asp (D) asparagine
Asn (N) aspartic acid
AS Altona/Sundaralingam (sugar description)
ATP adenosine triphosphate (energy source)
AZT zidovudine (AIDS drug)

B
bp base pair
bps base pairs
BAC bacterial arti�cial chromosome
BOES Born-Oppenheimer energy surfaces
BPTI bovine pancreatic trypsin inhibitor
BSE bovine spongiform encephalopathy (‘mad cow disease’)

C
cm centimeter (

��� �
	
m)

C cytosine (pyrimidine nitrogenous base)



xvi Acronyms, Abbreviations, and Units

CAP catabolite gene activator protein
CASP Critical Assessment of Techniques for Protein Structure Prediction
CG Conjugate gradient method (for minimization)
CJD Creutzfeld-Jakob disease (brain disorder, human version of BSE)
CN Crigler-Najjar (debilitating disease, gene therapy applications)
CP Cremer/Pople (sugar description)
CPU central processing units
Cys (C) cysteine

D
DFT density functional theory (quantum mechanics approach)
DH Debye-H¤uckel
DNA deoxyribonucleic acid (also A-, B-, C-, D-, P-, S-, T-, and Z-DNA)
DOE Department of Energy

E
erg energy unit (

� ��� �
J)

EM electron microscopy

F
fs femtosecond (

� �������
s)

FFT Fast Fourier Transforms

G
G guanine (purine nitrogenous base)
Gln (Q) glutamine
Glu (E) glutamic acid
Gly (G) glycine
GSS Gerstmann-Straussler-Scheinker disease (brain disorder similar to CJD)

H
HDV hepatitis delta helper virus
His (H) histidine
HIV human immunode�ciency virus
HMC hybrid Monte Carlo
HTH helix/turn/helix (motif)
Hz hertz (inverse second)

I
Ile (I) isoleucine
IHF integration host factor (protein)
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K
kbp kilobase pairs
kcal/mol kilocalories per mole (energy unit)
kDa kilodaltons (mass unit used for proteins)
KR Kirkwood-Riseman

L
Leu (L) leucine
Lys (K) lysine
LCG linear congruential generator

M
m meter
mgr minor groove
ms millisecond (

��� ���
s)

� s microsecond (
� � ���

s)
mm millimeter (

�������
m)

MAD multiple isomorphous replacement (crystallography technique)
MC Monte Carlo
MD molecular dynamics
Met (M) methionine
Mgr major groove
MIR multiwavelength anomalous diffraction (crystallography technique)
MLCG multiplicative linear congruential generator
MTS multiple-timestep methods (for MD)

N
nm nanometer (

��� ���
m)

ns nanosecond (
��� ���

s)
NCBI National Center for Biotechnology Information
NASA National Aeronautics and Space Administration
NDB nucleic acid database (ndbserver.rutgers.edu/)
NIH National Institutes of Health
NMR nuclear magnetic resonance
NSF National Science Foundation

O
OTC ornithine transcarbamylase (chronic ailment, gene therapy applications)

P
pn picoNewton (force unit)
ps picosecond (

� ����� 	
s)

PB Poisson-Boltzmann
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PBE Poisson-Boltzmann equation
PC principal component
PCA principal component analysis
PCR polymerase chain reaction
PDB protein databank (www.rcsb.org/pdb)
Phe (F) phenylalanine
PIR Protein Information Resource (pir.georgetown.edu)
PME particle-mesh Ewald
PNA peptide nucleic acid (DNA mimic)
Pro (P) proline
PrP

�

prion protein cellular (harmless)
PrP

���

harmful isoform of PrP
�

, causes scrapie in sheep
Pur purine (base)
Pyr pyrimidine (base)

Q
QM quantum mechanics
QN quasi Newton method (for minimization)
QSAR quantitative structure/activity relationships

R
RCSB Research Collaboratory for Structural Bioinformatics (www.rcsb.org)
RMS (rms) root-mean-square
RMSD root-mean-square deviations
RNA ribonucleic acid (also cRNA, gRNA, mRNA, rRNA, snRNA, tRNA)
RT reverse transcriptase (AIDS protein)

S
s second
Ser (S) serine
SAR structure/activity relationships
SCF self-consistent �eld (quantum mechanical approach)
SCOP structural classi�cation of proteins (scop.mrc-lmb.cam.ac.uk/scop/)
SD steepest descent method (for minimization)
SGI Silicon Graphics Inc.
SNPs single-nucleotide polymorphisms (�snips�)
SRY sex determining region Y (protein)
STS single-timestep methods (for MD)
SVD singular value decomposition

T
T thymine (pyrimidine nitrogenous base)
Thr (T) threonine
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Trp (W) tryptophan
Tyr (Y) tyrosine
TBP TATA-box DNA binding protein (transcription regulator)
TE transcription ef�ciency
TMD targeted molecular dynamics
TN truncated Newton method (for minimization)
2D two-dimensional
3D three-dimensional

U
U uracil (pyrimidine nitrogenous base)
URL uniform resource locator
UV ultraviolet spectroscopy

V
Val (V) valine

W
WC Watson/Crick base pairing
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Computational Chemistry

Chapter 10 Notation

SYMBOL DEFINITION

Matrices
A symmetric matrix, components ����� �	�
�
�

approximation to Hessian inverse at � � (QN methods)� �
scaling matrix at step � of minimization method (trust

region approach)�
Hessian matrix, components ��� ������������� �!�����#"$��%&�#��%'�(
identity matrix)
preconditioning matrix, related to

�
(TN methods)) �

preconditioning matrix at step � of TN method* �
QN low-rank update matrix at step �

Vectors+-,#.
constant vectors/ � unit vectors0 gradient vector of � , components 12�3�����4�5�6�7�����#"$�&%&�0 � gradient vector at � � (short hand for 0 ��� � �#�8 � search vector at step � of minimization method8 � � inner-loop CG iterate 9 for outer-loop search vector8 � (TN method): residual vector defined in TN methods (

)<;
= : )> � displacement vector at step � , � �$?A@AB � � (QN method)� vector of C components �D%��E��7F starting point vector for minimization� � minimization iterate at step � of method�HG local minimum point of objective function. �
gradient difference vector at QN step � , 0 �$?I@ B 0 �;
solution vector defined in TN methods (

)<;
= : )
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Chapter 10 Notation Table (continued)

SYMBOL DEFINITION

Scalars & Functions� ,�� numbers� �3� �!� constraint function ���� small positive number (in TN methods)��F constant (function value)�7���H� objective function, dependent on vector ��
small number (finite difference interval)C problem dimension� convergence order	 ���H� quadratic function	 � � > ) quadratic model of objective function
 � residual norm at step � of TN methods� line search parameter for sufficient decrease condition�
line search parameter for sufficient decrease of curvature

(also convergence ratio)� �
scheme-dependent scale parameter of search vector 8 �

(CG and QN methods)
�� , 
�� small positive numbers
�� small positive number, machine precision� � forcing sequence in TN methods�
line search steplength���
trial line search steplength�
variable in the neighborhood of % for a univariate

function �7��%��� � � � polynomial of steplength
�

� �
size bound in QN methods at step �

’Pon my word Watson, you are coming along wonderfully. We
have really done very well indeed. It is true that you have missed
everything of importance, but you have hit upon the method.

Arthur Conan Doyle (1859�1930), in A Case of Identity (1891).

10.1 Ubiquitous Optimization: From Enzymes to
Weather to Economics

Optimization is a fundamental component of molecular modeling. The deter-
mination of a low-energy conformation for a given force �eld can be the �nal
objective of the computation. It can also serve as a starting point for subsequent
calculations, such as molecular dynamics simulations or normal-mode analyses.

Both local and global optimization problems lie at the heart of numerous sci-
enti�c and engineering problems � from the biological and chemical disciplines
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to architectural and industrial design to economics. Optimization is part of our
everyday life � responsible for our weather forecasts, �ight planning, telephone
routing, microprocessor design, and the functioning of enzymes in our bodies.

10.1.1 Algorithmic Sophistication Demands Basic Understanding

The mathematical techniques developed to address these optimization problems
are just as robust and varied as the target problems themselves. The algorithmic
complexity of such techniques has led to many available computer programs that
require minimal input from the user (e.g., the starting point and a routine for
function evaluation).

However, the prudent user of these canned software modules � even within
standard molecular mechanics and dynamics packages � should understand the
fundamental structure of the optimization algorithms and associated performance
issues to make their application both ef�cient and correct, in terms of the physical
interpretations.

This chapter introduces key optimization concepts for this purpose. We also
highlight the fundamentals of local optimizers for large-scale nonlinear un-
constrained problems, an important optimization sub�eld relevant to biological
macromolecules. We describe the most promising approaches among them, and
discuss practical issues, such as parameter variations and termination criteria.
Of course, the latter are best learned by experimentation in the context of real
problems. To illustrate behavior for complex problems, some comparisons among
three competitive minimizers are also included, for molecular models minimized
in the molecular mechanics and dynamics program CHARMM.

10.1.2 Chapter Overview

Speci�cally, Section 10.2 introduces optimization fundamentals such as problem
formulation and terminology. Section 10.3 describes the basic algorithmic frame-
work of iterative minimization protocols (based on line search and trust region
methods); it also discusses convergence criteria and line search procedures and
introduces the key concept of descent directions.

In Section 10.4, we present the Newton method, including a historical per-
spective, and one-dimensional implementations for nonlinear equations as well
as optimization. This presentation familiarizes readers with the Newton method
framework � the basis for formulating many other optimization methods � and
with performance and convergence issues relevant to minimization of multivariate
functions.

In Section 10.5, we mention effective methods for large-scale nonlinear op-
timization, namely quasi-Newton (QN), nonlinear conjugate gradient (CG), and
truncated Newton (TN) schemes. Section 10.6 outlines available software and
presents comparative performance in CHARMM for two molecular models (a
small model system and a protein). Finally, in Sections 10.7 and 10.8, we summa-
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rize recommendations to optimization practitioners and offer a future perspective
to �eld developments.

For details, as well as for other categories of the rich and exciting �eld of
optimization, I refer readers to classic texts [29, 16, 22, 55, 66], some reviews
[63, 77, 82, 78, 24], and a perspective [86].

10.2 Optimization Fundamentals

The methods for solving an optimization task depend on the problem classi�ca-
tion. Since the value of the independent variable that maximizes a function � also
minimizes the function ��� , it suf�ces to deal with minimization.

The optimization problem is classi�ed according to the type of indepen-
dent variables involved (real, integer, mixed), the number of variables (one,
few, many), the functional characteristics (linear, least squares, nonlinear, non-
differentiable, separable, etc.), and the problem statement (unconstrained, subject
to equality constraints, subject to simple bounds, linearly constrained, nonlin-
early constrained, etc.). For each category, suitable algorithms exist that exploit
the problem’s structure and formulation.

10.2.1 Problem Formulation

For a vector � of � components ���	��
 , we write the minimization problem as:

��
���� ����������
������ � � (10.1)

where � is the objective function and � is a given region (which can be the entire
Euclidean space !#" ). The problem can be subject to $ constraints, which can be
written more generally as a combination of equality and inequality constraints:

% �&�'��� ( � )�*,+.- ( � �0/0/�/1�&$324�
% �&�'��� 5 � )�*6+.- (7$82:9 � �0/0/�/1�&$�/ (10.2)

This general formulation can be obtained for problems with bound constraints in
the form

% �;�'���<(=�>�?�
where �>� is the

-
th component of the vector � , or for problems with two-sided

constraints such as
@ �85 % �&�'����5BA	�C/

In this chapter, we only cover unconstrained optimization formulations. For a
comprehensive review of interior methods for continuous nonlinear optimization
problems subject to constraints, see [24].
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10.2.2 Independent Variables

In most computational chemistry problems, x is a real vector in Euclidean space,
i.e., � � !#" , and � de�nes a transformation to a real number, i.e., ������� �
! "�� ! . When the components of � are integers, the optimization problem is
classi�ed as integer-programming. When � is a mixture of real and integer vari-
ables, the problem is of mixed-integer programming type. Common examples of
integer-programming are network optimization and the ‘traveling salesman prob-
lem’,1 also classi�ed as combinatorial optimization. See [86], for example, and
references cited therein.

10.2.3 Function Characteristics

The nature of the function � is the next step in problem classi�cation. Many appli-
cation areas such as �nance and management-planning tackle linear or quadratic
objective functions.

Linear and Quadratic Functions

Linear objectives can be written in vector form as

�������<( ��� � 9B� � � (10.3)

where
�

is a column vector of dimension � , and � � is a scalar. Quadratic objective
functions can be expressed as

���'��� (7� ��� � 9 � � � 9 � � � (10.4)

where
�

is a constant symmetric matrix of dimension �	� � . (By de�nition, the
� 	 entries of a symmetric matrix

�
satisfy 
 ��� 
 (�
 
�� � ). The superscripts

�
above

refer to a vector transpose; thus � ��� is an inner product.
Linear programming problems refer to linear objective functions subject to lin-

ear constraints (i.e., a system of linear equations and inequalities), and quadratic
programming problems have quadratic objective functions and linear constraints.

1The notorious ‘traveling salesman’ problem seeks to find the optimal travel route that covers
a given number of cities, each one only once, and returning to the home town. Visually, imagine
drawing such a route on a map, where each city � for � =�� ,������ , C is designated by coordinates�D% � ,�� � � . The connected route started at �D% F ,�� F � covers each city and returns to the original point.
Though simple to envision, there are clearly many such routes, and the number of combinations that
connect all these cities grows steeply with C . This problem in fact belongs to a class of very difficult
problems (known as NP-complete) for which no polynomial-complexity algorithm is known (i.e., the
computational time for an exact solution of this problem increases exponentially with C ).
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Least-Squares Functions

Nonlinear functions can be classi�ed further. Least-squares functions have the
form

���'��� (
�

�
��

��� �
� � ��� � 	 / (10.5)

Separable Functions

Separable functions can be expressed as a sum of subfunctions, namely

�������<(
��

��� �
� � ��� �	� (10.6)

where each subfunction �,� depends only on a subset of the independent variables.
That is, for each subfunction �,� there are many unit vectors � 
 (with 1 in compo-
nent � and 0 elsewhere) for which � �;��� 9�� 
 � ( � �;��� � . All molecular mechanics
potential functions arising from the local, bonded interactions can be written this
way.

Nonsmooth Functions

Because most optimization algorithms exploit derivative information to locate op-
tima, nonsmooth functions pose special dif�culties, and very different algorithmic
approaches must be used. See [7] and [22, Chapter 14] for a general introduction
to nonsmooth optimization, and the two-volume set [35, 36] for the special case
of nonsmooth convex problems. Optimization of nonsmooth functions requires
new mathematical machinery (e.g., subdifferentials) that extends ordinary differ-
entiation and leads to counterparts of most results in differential calculus (Taylor
expansions, mean value theorem, etc.).

Potential Energy Functions

Geometry optimization problems for molecular potential functions in the con-
text of standard all-atom force �elds in computational chemistry are typically of
the multivariate, continuous, and nonlinear type [78]. They can be formulated as
constrained (as in adiabatic relaxation, an example of which was shown in Chap-
ter 5) or unconstrained. Discontinuities in the derivatives may be a problem in
certain formulations involving truncation, such as of the nonbonded terms (see
Section 10.6).

The large number of independent variables for biomolecules, in particular,
warrants their classi�cation as large-scale and rules out the use of many algo-
rithms that are effective for a small number of variables. However, as we will
discuss, effective techniques are available today that achieve rapid convergence
even for large systems. In practice, for macromolecular applications these opti-
mization algorithms must be modest in storage requirements and economical in
computations, which are dominated by the function and derivative evaluations.
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x

f(x)

Figure 10.1. A one-dimensional function with several minima. This function was con-
structed from the actual univariate function at one line search step of the truncated Newton
algorithm (see later in chapter) applied to minimization of a small protein’s potential en-
ergy function.

10.2.4 Local and Global Minima

De�nitions

The local unconstrained optimization problem in the Euclidean space !�" can be
stated as in eq. (10.1) for � � ��� ! " where � denotes a neighborhood of
the starting point, � � . The global optimization problem is much more dif�cult
because it requires �nding the global minimum among all the local minima, and
the number of minima can be exponentially large.

A (strong) local minimum ��� of ������� satis�es

���'� � ��� ��� � � )�*,+��	�
� � � � � ���( � � / (10.7)

The point ��� is a weak local minimum if ���'���0� 57��� � � .
A global minimum �
� satis�es the stringent requirement that

���'� � ��� ��� � � )�*6+������ ���(7� � / (10.8)

See Figure 10.1 for an illustration of a one-dimensional function with several
minima. The function corresponds to the actual univariate function minimized in
the line search substep of the TN method (see later in chapter for details).

Convergence

Finding a local minimum is a challenging task for a large biological system
governed by a nonlinear potential energy function. This is because the optimiza-
tion scheme must �nd a minimum from any point along the potential surface,
even one associated with a very high-energy, and should not get trapped at lo-
cal maxima or saddle points. Finite-precision arithmetic and various errors that
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accumulate over many operations also degrade practical performance in compari-
son to theoretical expectations (which can be described as convergence order; see
Box 10.1). Nonetheless, the local optimization problem is solved in a mathemati-
cal sense: convergence to a local minimum can be achieved on modern computers.
In the mathematical literature, this is referred to as global convergence to a local
minimum. Still, though many algorithms are available in widely-used molecu-
lar mechanics and dynamics packages, performance and solution quality vary
considerably and depend greatly on the user-speci�ed algorithmic convergence
parameters and the starting point.

The global optimization problem, by contrast, remains unsolved in general.
This is because the exponentially-growing number of minima with system size
cannot be exhaustively surveyed. Certainly, effective strategies have been devel-
oped in speci�c application contexts (e.g., for polypeptides) and work well for
moderately-sized systems. See [23], for example, for a review, the website at
www.mat.univie.ac.at/ � neum/glopt.html for general information, and home-
work 13 for the deterministic global optimization approach based on the diffusion
equation [73].

Global minimization algorithms differ from the local schemes in that they do
not necessarily require the energy to decrease systematically, making possible es-
cape from local potential wells and entry into others. Global optimization methods
can be stochastic or deterministic, or a combination thereof; they often rely on
local optimization components.

Box 10.1: Convergence De�nitions

A sequence
��� ���

converging to
� G has order p if � is the largest number such that a finite

limit � (the �convergence ratio�, not to be confused with the line search parameter � ) exists,
where:

�
	���
�������
� � �$?I@�� � G �� � ��� � G � ��� ����� � (10.9)

When � �"! , we have quadratic convergence. When � �$# , we refer to the convergence
as superlinear if � � � and as linear if the nonzero � is less than 1.

For example, the reader can verify that the sequences
� !&% �(' � , �*) %

� �
, and
� !+%

� �
converge,

respectively, quadratically, superlinearly, and linearly. Quadratic convergence is faster than
superlinear, which in turn is faster than linear.

10.2.5 Derivatives of Multivariate Functions

Gradient

When � is a smooth function with continuous �rst and second derivatives, we
de�ne its gradient vector of �rst derivatives by ,��'� � , where each component of ,
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is
� � ����� (�� �����������>� �;/ (10.10)

Hessian and Curvature

The �	�3� symmetric matrix of second derivatives, � ��� � , is called the Hessian.
Its components are de�ned as:

� ��� 
 ����� (�� 	 ���'� ���	� �>�
�>� 
 / (10.11)

At a stationary point, the gradient is zero. At a minimum point � � , in addi-
tion to stationarity, the curvature is positive. For higher dimensions, convexity
is expressed as positive-de�niteness of the Hessian. A multivariate function is
positive-de�nite at a point ��� if

� � � �'� � � ��� � )�*,+��	�
� � * ��
�� + * � / (10.12)

In particular, positive de�niteness guarantees that all the eigenvalues are posi-
tive at � � . A positive semi-de�nite matrix has nonnegative eigenvalues; a negative
semi-de�nite matrix has nonpositive eigenvalues; and a negative-de�nite matrix
has only negative eigenvalues. Otherwise, the matrix is inde�nite. The utiliza-
tion of curvature information is important for formulating effective multivariate
optimization algorithms.

Figure 10.2 illustrates this notion of curvature for quadratic functions of two
variables:

� ��� � (7� � � � 9 ��� � /
Namely, it displays the contours of these functions � curves on which the
function is constant � in four cases. These cases are de�ned by different prop-
erties of the matrix

�
: (a) inde�nite, (b) positive de�nite, (c) negative de�nite,

and (d) singular (i.e., not invertible). Figure 10.3 displays corresponding three-
dimensional views of the functions, with circles and a line indicating stationary
points. We use similar contour plots later (Figure 10.10) to illustrate paths of
different minimization algorithms.

10.2.6 The Hessian of Potential Energy Functions

Sparsity

A matrix is termed sparse if it has a large percentage of zero entries; otherwise it
is dense. (There is no speci�c threshold percentage of zero elements below which
a matrix is considered ‘sparse’). A sparse matrix can be structured, as in a banded
matrix of bandwidth � where there are zeros for � - � ��� � � . Alternatively, a sparse
matrix can be unstructured, as shown in Figures 10.4 and 10.5.

In these �gures, the matrix indices are the independent variables (three times
the number of atoms) of the potential energy function for molecular systems. A
point in the matrix position � - � � 
 indicates a nonzero Hessian element for the
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(a) (b)

(c) (d)

Figure 10.2. Two-dimensional contour curves for the quadratic function
������� � ���	�
����
��	� of two variables, where � is: (a) indefinite, with entries by
row 1,2,2,2; (b) positive definite, entries 4,0,0,2; (c) negative definite, entries

� # ,0,0,
�

4;
and (d) singular, entries 1,1,1,1. See also Figure 10.3.

second-derivative term of the potential energy objective function. Examples are
shown for various molecular systems. The left-column matrices correspond to the
Hessian pattern resulting when 8 	A cutoffs are used for the nonbonded terms.
The right-column patterns correspond to only the local, bonded second-derivative
terms (bond-length, bond angle, and dihedral-angle). The insets zoom on two
submatrices and illustrate how the sparsity pattern repeats in triplets (for the � , � ,
and � components), and how nearly banded the local Hessian structure is due to
the �nite range of the bonded interactions.

We also see that although the matrices corresponding to 8 	A cutoffs are sparse
for the larger systems, the atom ordering used determines the resulting pattern. For
example, the X pattern for the DNA system results from the consecutive ordering
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Indefinite Positive Definite

Negative Definite Singular

(a) (b)

(c) (d)

Figure 10.3. Three-dimensional curves for the quadratic functions as described for Fig-
ure 10.2. Critical points are shown by thick circles (a�c) and a line (d).

of atoms down one strand and up the complementary strand; the water atoms are
numbered following the DNA atoms.

Memory Intensity

Because the formulation of a dense Hessian ( � 	 entries) is both memory and
computation intensive, many Newton techniques for minimization approximate
curvature information implicitly and often progressively, i.e., as the algorithm
proceeds. Limited-memory versions reduce computational and storage require-
ments so that they can be applied to very large problems and/or to problems where
second derivatives are not available.

Exploitation of Derivatives

In most molecular mechanics packages, the second derivatives are programmed,
though sparsity (when relevant) is not often exploited in the storage techniques




