Chapter 5

Theory of Angular Momentum and
Spin

Rotational symmetry transformations, the group SO(3) of the associated rotation matrices and the
corresponding transformation matrices of Spin*% states forming the group SU(2) occupy a very
important position in physics. The reason is that these transformations and groups are closely tied
to the properties of elementary particles, the building blocks of matter, but also to the properties of
composite systems. Examples of the latter with particularly simple transformation properties are
closed shell atoms, e.g., helium, neon, argon, the magic number nuclei like carbon, or the proton
and the neutron made up of three quarks, all composite systems which appear spherical as far as
their charge distribution is concerned. In this section we want to investigate how elementary and
composite systems are described.

To develop a systematic description of rotational properties of composite quantum systems the
consideration of rotational transformations is the best starting point. As an illustration we will
consider first rotational transformations acting on vectors 7 in 3-dimensional space, i.e., ¥ € Rg,
we will then consider transformations of wavefunctions () of single particles in Rs, and finally
transformations of products of wavefunctions like H;V:1 1;(7j) which represent a system of N (spin-
zero) particles in Rs.

We will also review below the well-known fact that spin states under rotations behave essentially
identical to angular momentum states, i.e., we will find that the algebraic properties of operators
governing spatial and spin rotation are identical and that the results derived for products of angular
momentum states can be applied to products of spin states or a combination of angular momentum
and spin states.

5.1 Matrix Representation of the group SO(3)

In the following we provide a brief introduction to the group of three-dimensional rotation matrices.
We will also introduce the generators of this group and their algebra as well as the representation
of rotations through exponential operators. The mathematical techniques presented in this section
will be used throughout the remainder of these notes.
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98 Theory of Angular Momentum and Spin

Properties of Rotations in Rg

Rotational transformations of vectors 7 € R3, in Cartesian coordinates ¥ = (x1,x2,23)7, are linear
and, therefore, can be represented by 3 x 3 matrices R(z?), where ¥ denotes the rotation, namely
around an axis given by the direction of ¥ and by an angle |19] We assume the convention that
rotations are right-handed, i.e., if the thumb in your right hand fist points in the direction of 75,
then the fingers of your fist point in the direction of the rotation. J parametrizes the rotations
uniquely as long as |J] < 2.

Let us define the rotated vector as

-,

= RW)r . (5.1)
In Cartesian coordinates this reads
3
= D [RW)kyz; k=123 . (5.2)
j=1

Rotatlons conserve the scalar product between any pair of vectors @ and 5, i.e., they conserve
b= Z] 1 @;bj. It holds then

3 3
b = > IR R()jearby = Y ajb; . (5.3)
7,k 0=1 =1
Since this holds for any a and l;, it follows
3 - —
> IRW)jk [ROD)]je = 6k - (5.4)
j=1
With the definition of the transposed matrix RT
[R"]jx = Ry (5.5)
this property can be written
RW)RTW) = RTW)RW) = 1 . (5.6)

This equation states the key characteristic of rotation matrices. From (5.6) follows immediatety
for the determinant of R(J) using detA B = detAdetB and detAT = detA

detR(J) = +1 . (5.7)

Let us consider briefly an example to illustrate rotational transformations and to interpret the sign
of detR(¥). A rotation around the zs-axis by an angle ¢ is described by the matrix

cosp —sing 0
R = (0,0,9)T) = £ sinp cosp 0 (5.8)
0 0 1

In case of a prefactor +1, the matrix represents a proper rotation, in case of a prefactor —1 a
rotation and an inversion at the origin. In the latter case the determinant of R(J = (0,0, ¢)7) is
negative, i.e. a minus sign in Eq.(5.7) implies that a rotation is associated with an inversion. In
the following we want to exclude inversions and consider only rotation matrices with detR = 1.
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Definition of the Group SO(3)
We will consider then the following set
SO(3) = {real3 x 3 matrices R; RRT = RTR = 1, detR = 1} (5.9)

This set of matrices is closed under matrix multiplication and, in fact, forms a group G satisfying
the axioms

(i) For any pair a, b € G the product ¢ = aob is also in G.
(ii) There exists an element e in G with the property Va € G — eoa = aoe = a.
(iii) Va, a € G — Ja~! € Gwithaoa™ = aloa = e.

(iv) For products of three elements holds the associative law
ao(boc) = (aob)oec.

We want to prove now that SO(3) as defined in (5.9) forms a group. For this purpose we must

demonstrate that the group properties (i-iv) hold. In the following we will assume R;, Ry € SO(3)

[1Pb)

and do not write out “o” explicitly since it represents the matrix product.
(i) Obviously, R3 = R1R» is a real, 3 x 3—matrix. It holds
RIR; = (RiR))" RiRy= RIRTRIRy, = RI Ry, = 1. (5.10)
Similarly, one can show R3R3T = 1. Furthermore, it holds
detR3 = det(R; Ry) = detRydetRy = 1. (5.11)
It follows that Rj3 is also an element of SO(3).
(ii) The group element ‘e’ is played by the 3 x 3 identity matrix 1.

(iii) From detR; # 0 follows that R; is non-singular and, hence, there exists a real 3 x 3—matrix
Ry ! which is the inverse of R;. We need to demonstrate that this inverse belongs also to
SO(3). Since (R7H)T = (RT)~! it follows

(BT R = (R 7R = (R =1 = (512)
which implies Ry ' € SO(3).

(iv) Since the associative law holds for multiplication of any square matrices this property holds
for the elements of SO(3).

We have shown altogether that the elements of SO(3) form a group.
We would like to point out the obvious property that for all elements R of SO(3) holds

Rt = RT (5.13)
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Exercise 5.1.1: Test if the following sets together with the stated binary operation ‘o’ form groups;
identify subgroups; establish if 1-1 homomorphic mappings exist, i.e. mappings between the sets
which conserve the group properties:

(a) the set of real and imaginary numbers {1,i, —1, —i} together with multiplication as the binary
operation ‘o’;

(b) the set of matrices { My, My, M3, My}

HEDCGC D) e

together with matrix multiplication as the binary operation ‘o’;
(c) the set of four rotations in the x1, zo—plane {rotation by O°, rotation by 90°, rotation by 180°,
rotation by 270°} and consecutive execution of rotation as the binary operation ‘o’.

Generators, Lie Group, Lie Algebra

=,

We want to consider now a most convenient, compact representation of R(¥) which will be of
general use and, in fact, will play a central role in the representation of many other symmetry
transformations in Physics. This representation expresses rotation matrices in terms of three 3 x 3—
matrices Ji, Jo, J3 as follows

R(J) = exp<22§-j> (5.15)

Below we will construct appropriate matrices Jg, presently, we want to assume that they exist.
We want to show that for the property R RT = 1 to hold, the matrices

t
Ly = —=J 5.16
v = i (5.16)

must be antisymmetric. To demonstrate this property consider rotations with J = V€ where é
is a unit vector in the direction of the Cartesian k—axis. Geometric intuition tells us

R(Upér) ™" = R(—Vpéx) = exp(—U Ly) (5.17)
Using the property which holds for matrix functions
R = f(R) (5.18)
we can employ (5.13)
R(Wpér) ™ = R(Okéx)” = [exp (V) Li)]" = exp () L}) (5.19)
and, due to the uniqueness of the inverse, we arrive at the property
exp (V5 L) = exp(—9 Ly) (5.20)

from which follows Lf = —L;.
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We can conclude then that if elements of SO(3) can be expressed as R = e“, the real matrix A is
anti-symmetric. This property gives A then only three independent matrix elements, i.e., A must
have the form

0 a b
A=\ —a 0 ¢ |. (5.21)
b —c 0

It is this the reason why one can expect that three-dimensional rotation matrices can be expressed
through (5.15) with three real parameters 91,92, 93 and three matrices L, Lo, Ls which are inde-
pendent of the rotation angles.

We assume now that we parameterize rotations through a three-dimensional rotation vector J =
(91,02,93)" such that for J = (0,0,0)T the rotation is the identity. One can determine then the

matrices Ly defined in (5.15) as the derivatives of R(¢) with respect to the Cartesian components
Uy, taken at 9 = (0,0,0)”. Using the definition of partial derivatives we can state

Ly = lim 97 (R(ﬁ = (91,0,0)T) — 11) (5.22)

Y1 —0

and similar for L9 and Ls.
Let us use this definition to evaluate L3. Using (5.8) we can state

costls —sintds 0 1 —d3 0
lim R[(0,0,93)T] = lim [ sinds cosv3 0 | = 95 1 0 |. (5.23)
Va0 B0\ 0 0 1 0o 0 1
Insertion into (5.22) for k = 3 yields
0 —93 0 0 -1 0
Ly =93 [ 93 0 o] =1 0 0 (5.24)
0 0 0 0 0 0
One obtains in this way
; 00 O
~ J =L = 0 0 —1 (5.25)
01 0
‘ 0 01
i
~ Jo = Ly = 0 0 O (5.26)
-1 0 0
; 0 -1 0
% Js = L3 = 1 0 0 (5.27)
0 0 0

The matrices Ly are called the generators of the group SO(3).

Exercise 5.1.2: Determine the generator L; according to Eq.(5.22).
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Sofar it is by no means obvious that the generators Ly allow one to represent the rotation matrices
for any finite rotation, i.e., that the operators (5 15) obey the group property. The latter property
implies that for any 191 and 192 there exists a 193 such that

exp(—%ﬁyf) exp<—%q2'j> = eXp(-%ﬁ?)'j) (5.28)

The construction of the generators through the limit taken in Eq. (5.22) implies, however, that
the generators represent infinitesimal rotations with 1 >> ]15| around the -, x9-, and x3-axes.
Finite rotations can be obtained by applications of many infinitesimal rotations of the type R(ﬁ =
(€1,0,0)T) = exp(e1L1), R(J = (0, €2,0)T) = exp(eaLs) and R(J = (0,0, e3)T) = exp(esLs). The
question is then, however, if the resulting products of exponential operators can be expressed in
the form (5.15). An answer can be found considering the Baker-Campbell-Hausdorf expansion

exp(AA)exp(AB) = eXp(Z A" Zyn) (5.29)

where Z1 = A + B and where the remaining operators Z,, are commutators of A and B, com-
mutators of commutators of A and B, etc. The expression for Z,, are actually rather complicated,
e.g. Zo = 3[A, B, Z3 = 5 ([A, [4, B]] + [[A, B], B]). From this result one can conclude that
expressions of the type (5.15) will be closed under matrix multiplication only in the case that
commutators of L; can be expressed in terms of linear combinations of generators, i.e., it must

hold
[Lk, Li] Z Jrem Lm (5.30)

Groups with the property that their elements can be expressed like (5.15) and their generators
obey the property (5.30) are called Lie groups, the property (5.30) is called the Lie algebra, and
the constants frey, are called the structure constants. Of course, Lie groups can have any number
of generators, three being a special case.
In case of the group SO(3) the structure constants are particularly simple. In fact, the Lie algebra
of SO(3) can be written

[Lk7 L@] = €kom Lm (531)

where €y, are the elements of the totally antisymmetric 3-dimensional tensor, the elements of

which are
if any two indices are identical

fork=1,=2,m=3
for any even permutation of k =1,/ =2,m =3
—1 for any odd permutation of k=1, =2, m =3

€htm = (5.32)

— = O

For the matrices J;, = t¢hLj; which, as we see later, are related to angular momentum operators,
holds the algebra

[T, J)| = ihewom Jm - (5.33)

We want to demonstrate now that exp(ﬁ : E) yields the known rotational transformations, e.g., the
matrix (5.8) in case of ¥ = (0,0,)’. We want to consider, in fact, only the latter example and
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determine exp(pLs). We note, that the matrix ¢Ls, according to (5.27), can be written

0 —
pLs = 4 , A-gp(o 1> . (5.34)
0 0 0 1 0

One obtains then for the rotational transformation

A 0 1 0 O oo1 A 0 v
exXp 0 = 0 1 0 +Z—‘ 0
00 0 0 0 1 — 7 \0o 0o o
1 0 O 00
1 v 0
Y +Z_<A 0)
v!
0 0 1 v=1 00 0

o0 1 v O A 0
— [ ZzeuA o Y= ¢7 o ). (5.35)
0 0 1 00 1

To determine expA = Y 2, A/v! we split its Taylor expansion into even and odd powers

) 1 00 1
A 2n 2n+1

=Y A YA 5.36

‘ = (2n)! — (2n+1)! (5-36)

The property

2

0 -1 1 0

(1 o)‘(o 1) (5:37)
allows one to write

(L) e (1) (0 e (T e

and, accordingly,

o0 o0
A (D" 5, (1 0 ()" 9p1 (0 —1

= — . 5.39
¢ 2(271)!@ 0 1 +Z(2n+1)!*p 1 0 (5-39)

n=0 n=0

Recognizing the Taylor expansions of cos ¢ and sin ¢ one obtains
e = < cosp TEmY ) (5.40)
sing  cosy

and, using (5.34, 5.35),
cosp —singp 0
efls = sinp cose 0 (5.41)
0 0 1

which agrees with (5.8).

Exercise 5.1.3: Show that the generators Ly of SO(3) obey the commutation relationship (5.31).
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5.2 Function space representation of the group SO(3)

In this section we will investigate how rotational transformations act on single particle wavefunctions
(7). In particular, we will learn that transformation patterns and invariances are connected with
the angular momentum states of quantum mechanics.

Definition

We first define how a rotational transformation acts on a wavefunction ¢ (7). For this purpose we
require stringent continuity properties of the wavefunction: the wavefunctions under consideration
must be elements of the set Coo(3), i.e., complex-valued functions over the 3-dimensional space Rj

=,

which can be differentiated infinitely often. In analogy to R(¥) being a linear map Ry — Rs, we

-

define rotations R(1J) as linear maps C(3) — Cuo(3), namely

—.

ROW(F) = H(RTW)F) . (5.42)

=, -,

Obviously, the transformation R(1¥): Cx(3) — C(3) is related to the transformation R(19):
R3 — Rj3, a relationship which we like to express as follows

RW) = p (R(ﬁ)) . (5.43)
p( ) conserves the group property of SO(3), i.e. for A, B € SO(3) holds
W(AB) = p(A)p(B) . (5.44)

This important property which makes p( SO(3) ) also into a group can be proven by considering

—

p(ROVRW)) 0™ = w([R@) R(W)]7) (5.45)
= SR ROV = p(RW)) w(R@G)) ) (5.46)
= p(R@) p (R () (5.47)

Since this holds for any (7) one can conclude p (R(’Eﬁ) p (R(ﬁg)) =p (R(ﬁl) R(ﬁg)), i.e. the
group property (5.44) holds.

-, =,

Exercise 5.2.1: Assume the definition p’ (R( )) () = Y(R(Y) 7). Show that in this case holds
J(AB) = p(B) p/(A).

Generators

=,

One can assume then that R(¢) should also form a Lie group, in fact, one isomorphic to SO(3)
and, hence, its elements can be represented through an exponential

R() = exp<—%ﬁ-j> (5.48)
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where the generators can be determined in analogy to Eq. (5.22) according to
17 = lim o7 (R(ﬁ = (=01,0,0)7) — 1) (5.49)
h ¥1—0

(note the minus sign of —¢; which originates from the inverse of the rotation in Eq.(5.42)) and
similarly for Jo and Js.
The generators J; can be determined by applying (5.49) to a function f(7), i.e., in case of Js,

20 = Jim 9yt (RW = (0,0,09)7) 1) — S7)

¥3—0

J
= Jim 957 (F(R(0,0,=V3)7) = f(7)) . (5.50)

Using (5.23, 5.24) one can expand

1 93 0 T x1 + U3
R(O, 0, —193) TR -3 1 0 X9 = —t3r1 + T . (5.51)
0 0 1 T3 T3

Inserting this into (5.50) and Taylor expansion yields

S BIE) = Jm 05 (S0 + Dm0 - G Baf(@) — 1)
= (:L‘2 31 — I 32) f(TT) . (5.52)

Carrying out similar calculations for J; and J5 one can derive

7

*%jl = 56332 — .Tgag (5.53)
—%jg = 1‘163 — .1'381 (5.54)
—%jg = x281 - .’Elag . (555)

Not only is the group property of SO(3) conserved by p( ), but also the Lie algebra of the generators.
In fact, it holds
(T, Te) = iherom Tm - (5.56)

We like to verify this property for [J1, J2]. One obtains using (5.53-5.55) and f(7) = f

[T, Jo) f(F) = =h? =41, —4To) [(7) = —h? x
[ (2302 — 2203) (2103f — w301 f) — (2105 — w301) (2302f — w203f) |
= —h2 [ 411230203 — x1w28§f — x%alazf + x0x30103f + w201 f
—x102f — 21230203 f +$§8132f +5L"19323§f —$2I‘33133f]
= —h2 (2201 — 1109) f(7) = RT3 f(7) . (5.57)

Exercise 5.2.2: (a) Derive the generators Jx, k = 1,2 by means of limits as suggested in Eq. (5.49);
show that (5.56) holds for [ 72, J3] and [J3, Ji]-
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Exercise 5.2.3: Consider a wave function ¢ (¢) which depends only on the azimutal angle ¢ of the
spherical coordinate system (r, 0, ¢), i.e. the system related to the Cartesian coordinates through
x1 = rsinfcos¢, ro = rsinfsing, and r3 = rcosd. Show that for [J3 as defined above holds

exp(f J3) ¥(9) = ¥(¢ + a).

5.3 Angular Momentum Operators

The generators [J, can be readily recognized as the angular momentum operators of quantum
mechanics. To show this we first note that (5.53-5.55) can be written as a vector product of 7 and

\Y
——J = -FxV. (5.58)

" h ~
j:FX;v:rFXﬁ (5.59)

which, according to the correspondence principle between classical and quantum mechanics, iden-
tifies 7 as the quantum mechanical angular momentum operator.

Equation (5.56) are the famous commutation relationships of the quantium mechanical angular
momentum operators. The commutation relationships imply that no simultaneous eigenstates of
all three J;, exist. However, the operator

J* = JE + T3 + T} (5.60)
commutes with all three J, k = 1,2, 3, i.e.,
(T3 J] =0, k=1,2,3. (5.61)

We demonstrate this property for £ = 3. Using [AB,C] = A[B,C] + [A,C]|B and (5.56) one
obtains

T2 T5) = [JE + T3, T3] (5.62)
= NN, Js| + [T, Bl + T2 T2y Ts| + [T, T3] T2
= —hJ1Je — ihJeJ1 + ihJeJ1 + ihJ1Je = 0

According to (5.61) simultaneous eigenstates of J2 and of one of the [J, usually chosen as J3, can
be found. These eigenstates are the well-known spherical harmonics Yy, (6, ¢). We will show now
that the properties of spherical harmonics

T*Ym(0,0) = B+ 1)Yin(0,0) (5.63)
JB Yém(ev(b) = ﬁngm(Q,(ﬁ) (5'64)

as well as the effect of the so-called raising and lowering operators

Je =T £ih (5.65)
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on the spherical harmonics, namely,

T+ Yom(0,0) = h/(E+m+1)(€ —m) Yimi1(0,9) (5.66)
T Yu®,6) =0 (5.67)
T Yims1(0,0) = h/(€+m+ 1)L —m) Y (0, 9) (5.68)
T-Yie(0,6) =0 (5.69)

are a consequence of the Lie algebra (5.56). For this purpose we prove the following theorem.

An Important Theorem

Theorem 1.1 Let Ly, k = 1,2,3 be operators acting on a Hilbert space H which obey the algebra
[Li, Le] = €jom L and let Ly = Ly & iLy, L? = L2 + L3 + L3. Let there exist states |[(£) in
H with the property

L, |te) =0 (5.70)
Ls|tty = —it|ee) (5.71)

then the states defined through
L_|tm+1) = —ify[fm) (5.72)

have the following properties

(i) Ly|tm) = —iapy[fm+1) (5.73)
(i) Ls|lm) = —iml|lm) (5.74)
(iii) L2|fm) = —L({L+1)[{m) (5.75)

To prove this theorem we first show by induction that (i) holds. For this purpose we first demon-
strate that the property holds for m = ¢ — 1 by considering (i) for the state L_[¢f) ~ [¢¢ —1). Tt
hOldS L+L7|££> = (L+L, — L,L+ + L,L+)|£ f> = ([L+,L,} + L,L+)|€ £> Notlng [L+,L7] =

[L1 +iLe, L1 —iLo] = —2iL3 and Ly|¢ £) = 0 one obtains Ly L_[|0l) = —2iLs|tl) = —2¢]¢0),
i.e., in fact, Ly raises the m-value of [¢¢ — 1) from m = ¢ —1 to m = {. The definitions of the
coefficients ay—1 and By yield Ly L_|00) = Li(ifp—1|0l —1) = —ay_18e—1 |tL), i.e.

(nglﬁgfl =20 . (*) (576)

We now show that property (i7) also holds for m = ¢ — 1 proceeding in a similar way. We note
L3L,M£> = ([Lg,Lf] + Lng) |€€> Using [Lg,L,] == [Lg,Ll — ZLQ] = L2 + iLl = Z(L1 —
iLo) = iL_ and L3|¢l) = —il|¢l) we obtain LsL_[¢¢) = (iL_ + L_L3)|tl) = i(—¢+ 1) L_|eL).
From this follows that L_|¢¢) is an eigenstate of L3, and since we have already shown |0/ — 1) =
(iBe—1)"LL_|¢) we can state L3|0f — 1) = —i(f —1)|¢¢ — 1).

Continuing our proof through induction we assume now that property (i) holds for m. We will
show that this property holds then also for m — 1. The arguments are very similar to the ones
used above and we can be brief. We consider Ly L_|¢m) = ([Ly+,L_] + L_Ly)|tm) = (—2iL3 +
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L_Ly)[tm) = (=2m — aufBm )|¢m). This implies that (i) holds for m — 1, in particular, from
LiL_|tm) = — aum—1Bm—1|¢fm) follows the recursion relationship

Um—10m-1 = 2m + amfm . () (5.77)

We will show now that if (i7) holds for m, it also holds for m — 1. Again the argumemts are similar
to the ones used above. We note L3L_|¢m) = ([Ls,L_] + L_L3)|fm) = (iL_ —imL_)|{m) =
—i(m — 1) L_|¢m) from which we can deduce Ls|¢m — 1) = —i(m — 1)[fm — 1).

Before we can finally show that property (iii) holds as well for all —¢ < m < ¢ we need to determine
the coefficients o, and (,,. We can deduce from (%) and (xx)

ap_10-1 =2
ag_20¢—2 =2({—-1+1Y)
ay_300_3 :2(6—24—6—1 —|—£)

Obviously, it holds a5, = 2 <Z£:m I k:) Using the familiar formula >~ k = n(n+1)/2

one obtains

amfBm = U+l — (m+1)m = L+1)0 +ml —Im — (m+1)m
= ({+m+ 1) —m) (5.78)
One can normalize the states [¢m) such that o, = [, i.e., finally
m = Bm =Vl +m+ 1)l —m). (5.79)
We can now show that (iii) holds for all proper m-values. We note that we can write L? =
%L+1L_ + $L_Ly + L3. Tt follows then L%fm) = — (fam—1Bm-1 + emBn + m?) [tm) =
— (5(l+m+1)(f —m)
+1(l+m)({ —m+1) + m?) = —£(¢+ 1)|¢m). This completes the proof of the theorem.
We note that Eqs. (5.70, 5.72, 5.73, 5.79) read
Liltm) = —i/({+m+1)(¢ —m)m+1) (5.80)
L_[tm+1) = —iy/(l+m+1)({ —m)|tm), (5.81)

i.e., yield properties (5.66, 5.69).

We will have various opportunities to employ the Theorem just derived. A first application will
involve the construction of the eigenstates of the angular momentum operators as defined in (5.63,
5.64). For this purpose we need to express the angular momentum operators in terms of spherical
coordinates (7, 0, ¢.

Angular Momentum Operators in Spherical Coordinates

We want to express now the generators J, given in (5.53-5.55), in terms of spherical coordinates
defined through
1 = rsinfcos¢ (5.82)
Tg = rsinfsing (5.83)
x3 = rcosf (5.84)
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We first like to demonstrate that the generators Jj, actually, involve only the angular variables 6
and ¢ and not the radius r. In fact, we will prove

) . 0 0
—ﬁgﬁ =L = Slan)% + (:0‘5(9605@58—(;5 (5.85)
g — Ly = s + cotfsingl (5.86)
2 =Ly = cos 50 cotfs 99 .
) 0
_ ﬁjg‘ — Ly = — % ) (5.87)

To derive these properties we consider, for example, £1f(0,¢) = (2302 — 2203)f(0,¢). Using
(5.82-5.84 ) one obtains, applying repeatedly the chain rule,

L1f(0,9) = (2302 — 2203) f(0,0) (5.88)

B Oxg/x1 O dxg/r 0
o (;1:3 Ory Otano + Oxg 0dcosb (5.89)

81“2/331 o 81‘3/7‘ 0 )f(07¢)

— T2 8903 dtan ¢ L2 Oxrz Ocosl

=0
xz 0 3xy 0 22 + 23 0
= | — - -
x1 Otan ¢ r3 Ocosf 273 Jeosh

This yields, using 9/0tan¢g = cos?¢9/0¢ and 9/0cosh = —(1/sind) /08,

) £(6.9) (5.90)

cos 0 9, 0
ﬁlf(e, ¢) = ( m COS 8_¢ + (591)
cosQHSinﬁsingbg sinfsing . 5, 0

sind 90 T smo ™ 7%

which agrees with expression (5.85).
We like to express now the operators J3 and J2, the latter defined in (5.60), in terms of spherical
coordinates. According to (5.87) holds

h

Ty = =05 (5.92)
To determine 72 we note, using (5.85),
i 9\’
2 _ o 9 =
(L1)° = <51n¢80 + cotd COS¢8¢>
2 2
= sin%ﬁ% — ﬁsinqﬁcosg{)({% + 2 cotf sing cos¢ 828¢

82

35 (5.93)

+ cotf cos?p % + cot?f cos’¢

and similarly, using (5.86),

2
(L2)? = <—cos¢% + cot# sin¢ %)
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0? 1 %) 2
= COSQ(Z)W + msinqﬁcowa—é — 2cotf sing cos¢ 9000
+ cotf sin?¢ 9 + cot?@sin’ep 8—2 (5.94)
00 d? )
It follows
(£1)* + (L2)* + (£ )2—a—2+cot03+(cot29+1)8—2 (5.95)
! 2 VT 002 a0 9p? '
With cot?6 + 1 = 1/sin6,
1 0 0 0? 0
—— | sinf — ingd — | = — t0 — 5.96
sin20 <Sm ae) (Sm ae) a2 T %4 (5.96)
and the relationship between £j, and Jj as given in (5.85, 5.86, 5.87), one can conclude
h? a\> &
2 .
= — 0 — — | . 5.97
J sinZ0 [ <Sm 00> + a¢2] (5.97)
Kinetic Energy Operator The kinetic energy of a classical particle can be expressed
=2 2 2
p_ _ p_’r ‘]Class
2m  2m * 2m r? (5-98)
where fclass = 7 X m¥ is the angular momentum and p, = ms is the radial momentum. The
corresponding expression for the quantum mechanical kinetic energy operator is
. h? R 1 92 J?
T - 2 g2 2 Y 5.99
2m v om r Or2 2mr?’ (5.99)
which follows from the identity
#? 29 1 a\> 8
2 .
- Y 4,2 - 9 — _— 5.100
v o2 T e T r2sin6 [(sm 69) * 8¢2] ( )
1 0% 0? 2 0
- — = — 4+ - = 5.101
rorz or?2  ror ( )

and comparision with (5.97).

5.4 Angular Momentum Eigenstates

According to the theorem on page 107 above the eigenfunctions (5.63, 5.64) can be constructed as
follows. One first identifies the Hilbert space H on which the generators L operate. The operators
in the present case are L = —%Jk where the Jj, are differential operators in 6 and ¢ given in (5.85,
5.86, 5.87). These generators act on a subspace of Co(3), namely on the space of complex-valued
functions on the unit 3-dim. sphere S, i.e. Coo(S2). The functions in C(S2) have real variables
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0,9,0 <0 <m0 < ¢ < 2m, and to be admissable for description of quantum states, must be
cyclic in ¢ with period 27. The norm in H is defined through

fF—AcmF@@ﬂ&@ (5.102)

where dQ) = sinf df d¢ is the volume element of S;. The function space endowed with this norm
and including only functions for which the integral (5.102) exists, is indeed a Hilbert space.

The eigenfunctions (5.63, 5.64) can be constructed then by seeking first functions Yy (6, ¢) in H
which satisfy £,Yy(0,¢) = 0 as well as L3Yp(0,9) = —il Yy(0, ¢), normalizing these functions,
and then determining the family {Yz,,(0,¢),m = —¢,—¢+1,...,¢} applying

L Yims1(0,6) = —in/T+m+ D)€ = m)Yin (0, 0) (5.103)
iteratively for m =¢ — 1,/ —2,...,—F¢. One obtains in this way
{—m
Vonl6,6) = A(Lm) (ﬁj_) Yia(6. ) (5.104)
(€ + :
m)
A(l,m) [ T = m) ] (5.105)

Constructing Yy, — Yy 1 —— - Yy

We like to characterize the resulting eigenfunctions Yz, (6, ¢), the so-called spherical harmonics, by
carrying out the construction according to (5.104, 5.105) explicitly. For this purpose we split off
a suitable normalization factor as well as introduce the assumption that the dependence on ¢ is
described by a factor exp(ima)

14 £ —m)! ,
Vi (0, 6) = \/ 2 = ! ﬁ Py (cosf) ¢m% (5.106)
It must hold
Ly Yud,0) = 0 (5.107)

The latter property is obviously satisfied for the chosen ¢-dependence. The raising and lowering
operators
Ly =Ly £ 0Ly, (5.109)

using (5.85-5.87), can be expressed

Lo = Fiet? (;0 + zcot@%) : (5.110)

Accordingly, (5.107) reads

0 0 ity _
<% + icotf 6¢> Pyy(cosh) e = 0 (5.111)
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or
0
<% — Ecot@) Pyy(cos) = 0 (5.112)
where we employed the definition of Py(cosf) in (5.107). A proper solution of this equation, i.e.,
one for which -
/ d6 sind | Py (cosh)|? (5.113)
0
is finite, is
Py(cosf) = Nysin‘6 (5.114)
as one can readily verify. The normalization factor Ny is chosen such that
s
/ dfsind |Yye(cosh)|? = 1 (5.115)
0
holds. (5.106, 5.114) yield
20+1 1 4
NP == —=2 dfsin®* g = 1. 5.116
] ”/0 sin (5.116)

The integral appearing in the last expression can be evaluated by repeated integration by parts.
One obtains, using the new integration variable x = cos#,

™ +1
/ df sin**19 = / dr (1 — 22)*
0

-1
+1 +1
= [x (1 — mQ)q_l + 2 /1 dra® (1 — %)t

3 +1 ) _ +1
= U [x_ (1 — x2)4—1} + w / deat (1 — 22)"2
3 _1 1-3 1

(20— 9)... +1
20 (20— 2) 2/ a2t
1-3-5---(20—1) ),

2-(20—-2)---2 2 (20)! 2

= = 5.117
1-3-5---(20—1)20+1 [1-3-5---(20—1)]Z20+1 (5.117)

Accordingly, (5.116) implies

1
NoJ? =1 5.118
[Nl [1-3-5---(20—1)2 ( )
from which we conclude

Ny = (-1)f1-3-5---(20-1) (5.119)

where the factor (—1)¢ has been included to agree with convention'. We note that (5.106, 5.114,
5.119) provide the following expression for Yy,

2€+1 1 1, .
¢ ppe W 2£—€' smzﬂe tp . (5120)

1See, for example, ”Classical Electrodynamics, 2nd Ed.” by J.D. Jackson (John Wiley, New York, 1975)

Yee(0,9) = (=1)
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We have constructed a normalized solution of (5.106), namely Yz (6, ¢), and can obtain now, through
repeated application of (5.103, 5.110), the eigenfunctions Yz, (0, ¢), m = £—1, £—2, ...—{ defined
n (5.63, 5.64). Actually, we seek to determine the functions P, (cos ) and, therefore, use (5.103,
5.110) together with (5.106)

o 0 0 20+1(f—m—1)! ,
i - i(m+1)¢p
ie <— zcot@—) \/ S Ta—— Pym1(cost) e

00 0o

= —ivV/{l+m+1)(l—m) \/264—; ! Eﬁ n Zi: Poy(cos ) e™?. (5.121)

This expressions shows that the factor e/, indeed, describes the ¢-dependence of Yy,, (0, ¢); every
application of £_ reduces the power of ¢’® by one. (5.121) states then for the functions Py, (cos )

(% + (m+1) cot@) Pppti(cos) = —(l+m+1) (£ —m) Pyy(cosh) . (5.122)

The latter identity can be written, employing again the variable x = cos#,

Pp(z) = (£+m+_11) T (5.123)
10 T
x | —(1 — 22 )28_ (m—i—l)m Prpti1(x) .

We want to demonstrate now that the recursion equation (5.123) leads to the expression

1 (£+m) n O

8 (@1 ) g 1) (5.124)

Py (x) =
called the associated Legendre polynomials. The reader should note that the associated Legendre

polynomials, as specified in (5.124), are real. To prove (5.124) we proceed by induction. For m = ¢
(5.124) reads

Py(z) = % (1—2%)"2 (2% — 1)
= (=1)f1-3.5---(20—1) sin0 (5.125)

which agrees with (5.114, 5.119). Let us then assume that (5.124) holds for m + 1, i.e.,

1 (t+m+1) oy _mi1 QL '
Pinia(@) = sip == =7 7 g @ -1 (5.126)
Then holds, according to (5.123),
-1 ({+m)! 10 x
P, = — = | —(1- - 1) ——
(%) oigt (=t | 7T, t )(1_:62)% X
_ma 9Pl
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By means of

10 Cmal 8€—m—1
—(1—x2)2%(1—x2) 2 ST (2 1)6
m aﬂ—m
= —a- @y
T Cmil aﬁ—m—l

one can show that (5.127) reproduces (5.124) and, therefore, that expression (5.124) holds for m if
it holds for m + 1. Since (5.124) holds for m = ¢, it holds then for all m.
We want to test if the recursion (5.123) terminates for m = —/, i.e., if

L_Yu(0,¢) = 0 (5.129)

holds. In fact, expression (5.124), which is equivalent to recursive application of £_, yields a
vanishing expression for m = —¢ — 1 as long as ¢ is a non-negative integer. In that case (1 — 22)*
is a polynomial of degree 2¢ and, hence, the derivative 921 /9x2+1 of this expression vanishes.

Constructing Y,y — Yy o411 — - Yy

An alternative route to construct the eigenfunctions Yy, (6, ¢) determines first a normalized solution
of

L_f(6,9) = 0 (5.130)
L3 f(0,6) = ilf(0,9), (5.131)

identifies f(0,¢) = Yy_¢(0,¢) choosing the proper sign, and constructs then the eigenfunctions
Yi—vo41, Yo_oso, etc. by repeated application of the operator £,. Such construction reproduces
the eigenfunctions Yy, (6, ¢) as given in (5.106, 5.124) and, therefore, appears not very interesting.
However, from such construction emerges an important symmetry property of Yz, (6, ¢), namely,

thn(ea¢) = (_1)m Y'@fm(‘ga¢) (5.132)

which reduces the number of spherical harmonics which need to be evaluated independently roughly
by half ; therefore, we embark on this construction in order to prove (5.132).
We first determine Y;_,(6, ¢) using (5.106, 5.124). It holds, using x = cos#,

11 gt 0%
Pee(@) = 5o @ (1 =27)" g

Nl

(z® —1)°. (5.133)

Since the term with the highest power of (22 — 1)* is 2%, it holds

8% ) '
and, therefore,
1 L
Pr_y(x) = 57 (1—a?)2. (5.135)
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Due to (5.106, 5.124) one arrives at

2+1 1 1 o i
Ar M QZ—E' sin“fe . (5136)

}/Z—f(e’ ¢) =

We note in passing that this expression and the expression (5.120) for Yy, obey the postulated
relationship (5.132).

Obviously, the expression (5.136) is normalized and has the proper sign, i.e., a sign consistent with
the family of functions Yy, constructed above. One can readily verify that this expression provides
a solution of (5.130). This follows from the identity

9 . 9 0 —ilp
(80 icotd 8¢> sin“ O e =0. (5.137)

One can use (5.136) to construct all other Yy, (6, ¢). According to (5.80) and (5.110) applies the
recursion

. 0 0
it (% N z’cot&a—d)) Yin(0.6) = VT m+ D —m) Yis1(0,0) (5.138)

Employing (5.106), one can conclude for the associated Legendre polynomials

(L—=m)! (0
T m) (% - mcotG) Py (cos )
=Vl +m+ 1)l —m) % Pppyy1(cos0) (5.139)
Pppii(cosf) = (% - mcot0> Py (cosB) . (5.140)

Introducing again the variable z = cosf leads to the recursion equation [c.f. (5.122, 5.123)]

0 T
i mi(1 —x2)% ) Py () . (5.141)

N[=

Pimi(2) = (—(1 —a?)

We want to demonstrate now that this recursion equation leads to the expression

_1\m {+m
P (z) = ( glg), (1—z2)% o~ — 1) (5.142)

gt

For this purpose we proceed by induction, following closely the proof of eq. (5.124). We first note
that for m = —/ (5.142) yields

Py = CV 0ot oy = Lo (5.143)
—¢\T ' X X X .

2001
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wich agrees with (5.135). We then assume that (5.142) holds for m. (5.141) reads then

Pomy1(x) = (5.144)
Replacing in (5.128) m + 1 — —m or, equivalently, m — —m — 1 yields
- L a—ant Loy
= e Ty
+mﬁ(1—x2)? ;;%. (5.145)
Hence, (5.144) reads
Prmi1(x) = (D (1-22)" orrmtt (2 —1)", (5.146)

2€£| axf+m+1

i.e., (5.142) holds for m + 1 if it holds for m. Since (5.142) holds for m = —¢ we verified that it
holds for all m.

The construction beginning with Y, , and continuing with Y, py1, Yy sy, etc. yields the same
eigenfunctions as the previous construction beginning with Yy and stepping down the series of
functions Y1, Ye_o, etc. Accordingly, also the associated Legendre polynomials determined this
way, i.e., given by (5.142) and by (5.124), are identical. However, one notes that application of
(5.124) yields

_1\ym m +m
Comlp @ = D -0t 2

o (x> —1)%, (5.147)

Oxttm

the r.h.s. of which agrees with the r.h.s. of (5.142). Hence, one can conclude

(£ —m)!

Py (z) = (—1)mm

Pp_p(z) . (5.148)
According to (5.106) this implies for Yy, (6, ¢) the identity (5.132).

The Legendre Polynomials

The functions
Py(z) = Pyl(z) (5.149)

are called Legendre polynomials. According to both (5.124) and (5.142) one can state

1o,

¢

Py(z) =
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The first few polynomials are

Py(x) = 1, Pi(z) = =, Py(z) = (32 — 1)
Psy(z) = (523 — 3a) . (5.151)

Comparision of (5.150) and (5.142) allows one to express the associated Legendre polynomials in
terms of Legendre polynomials

Pon(s) = (—1)™ (1 — 2%)% ;m Pua), m > 0 (5.152)
x
and, accordingly, the spherical harmonics for m > 0
2041 (£ —m)! )
Y, = —1)"™ sin™ 1

o \" ;
imeo
X <8cos0> Py(cos@)e™? .

The spherical harmonics for m < 0 can be obtained using (5.132).

The Legendre polynomials arise in classical electrodynamics as the expansion coefficients of the
electrostatic potential around a point charge q/|7 — 72| where ¢ is the charge, 7 is the point where
the potential is measured, and 7 denotes the location of the charge. In case ¢ =1 and |r| < ||
holds the identity?

oAl r2| Z f“ Py(cos~y) (5.154)
=0

where « is the angle between 7 and 7. Using x = cos~y, t = rg/ri, and

‘Fl — F2| =nrmv1: -2zt + t2, (5155)

(5.154) can be written

w(z,t) =

Pu(a) t . 5.156
V1= 22t 1 &2 Z o (5.156)

w(w,t) is called a generating function of the Legendre polynomials®.
The generating function allows one to derive useful properties of the Legendre polynomials. For
example, in case of z = 1 holds

1 1 >
1,t) = = = th. 5.157
wih,) 1-2t+¢2 1-t Z_: (5:.157)

Comparision with (5.156) yields

P(1) =1, €£=012,... (5.158)

Zsee, e.g., ”Classical Electrodynamics, 2nd Ed.” by J.D. Jackson (John Wiley, New York, 1975), pp. 92

3To prove this property see, for example, pp. 45 of “Special Functions and their Applications” by N.N. Lebedev
(Prentice-Hall, Englewood Cliffs, N.J., 1965) which is an excellent compendium on special functions employed in
physics.
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For w(z,t) holds
Olnw(z,t) x —t
ot 1= 2xt + 2
Using dlnw/dt = (1/w) Ow/dt and multiplying (5.159) by w(1 — 2xt + t2) leads to the differential
equation obeyed by w(z,t)

(5.159)

dw

_ 2
(1 2xt—|—t)at

+ (t—-—2)w = 0. (5.160)

Employing (5.156) and (9/0t) >_, Pi(x)t* = >, ¢P(z)t*"! this differential equation is equivalent
to

(1 — 2zt + t?) ing(x) 7+ (- ) in(m) t“ =0 (5.161)
=0 =0

Collecting coefficients with equal powers t¢ yields
0 = Pi(z) — zPy(x) (5.162)

+ D [+ 1) Prya(z) — 20+ Da Py(z) + £Ppy(z)] "
=

—_

The coefficients for all powers t* must vanish individually. Accordingly, holds

Pi(z) = xzPy(x) (5.163)
(L 4+ 1)Pri(z) = (20 + 1) axPy(z) — LP_q1(x) (5.164)

which, using Py(z) = 1 [c.f. (5.151)] allows one to determine Py(z) for £ = 1, 2, .. ..

Inversion Symmetry of Y;,,(0,6) Under inversion at the origin vectors * are replaced by — 7.
If the spherical coordinates of 7 are (r,0,¢), then the coordinates of —7 are (r,m — 0,7 + ¢).
Accordingly, under inversion Yz, (6, ¢) goes over to Yy, (m — 0,7 + ¢). Due to cos(m —6) = — cosf
the replacement ¥ — —7 alters Py, (z) into Py, (—z). Inspection of (5.142) allows one to conclude

Ppp(—2) = (1) Py () (5.165)
since 9" /0(—z)" = (—1)"0"/0x™. Noting exp[im(m + ¢)] = (—1)"exp(im¢) we determine
Yom(7 = 0,7+ 9) = (=1)f Yo (6,9) - (5.166)
Properties of Y, (0, ¢)
We want to summarize the properties of the spherical harmonics Yp,, (6, ¢) derived above.

1. The spherical harmonics are eigenfunctions of the angular momentum operators

T*Yem(0,0) = B L(L+1)Yom(0, 9) (5.167)
T3 nm(9>¢) = hmnm(a (b) . (5'168)
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2. The spherical harmonics form an orthonormal basis of the space Cy,(S2) of normalizable,
uniquely defined functions over the unit sphere S5 which are infinitely often differentiable

™ 2
/ sin 6d6 / dgfﬂ/;m/(e, gf)) Ykm (0, (;5) = 5g/g5m/m .
0 0

3. The spherical harmonics form, in fact, a complete basis of Cy(S2), i.e.,
Coo(S2) holds

9] l
{=0 m=—¢

T 2T
Com = /0 sin 0d /O 06 Yiin(0,6)1(6,6)

4. The spherical harmonics obey the recursion relationships

T+ Yem(0,0) = I/ (l+m+ 1) —m) Yoni1(0,0)
J- }/Zm+1(97 ¢) = h \/(E +m+ 1)@ - m) }/Zm(ev ¢)

where J+ = J1 + iJs.

5. The spherical harmonics are given by the formula

2041 (0 —m)! (=1)™
Yim(0,0) = \/4—; EE mgl(gég)l sin™ 6 x

imao >
X (80050) Py(cosf)e , m >

where (£ =1,2,...)

Py(xz) =1, Pi(x) = z,
Pyq(x) = ZJ%I [(20 + 1)x Py(x) — LPp—1(x)]

(5.169)

for any f(0,¢) €

(5.170)

(5.171)

(5.172)
(5.173)

(5.174)

0

(5.175)
(5.176)

are the Legendre polynomials. The spherical harmonics for m < 0 are given by

(5.177)

Note that the spherical harmonics are real, except for the factor exp(ima).

6. The spherical harmonics Yy are

Vio(0,6) = | 2ot Pifeost)

7. For the Legendre polynomials holds the orthogonality property

+1 , 2
/_1 dx Py(z) P(0'(x) = 11 deer

(5.178)

(5.179)
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8. The spherical harmonics for § = 0 are

20+ 1
Yim(0 = 0,0) = Gmo () = — - (5.180)

9. The spherical harmonics obey the inversion symmetry
Yim(0,0) = (=1)'Yom(r — 0,7+ ¢) . (5-181)

10. The spherical harmonics for £ = 0, 1, 2 are given by

1
3 ,
Yo = =g sin 0 e'¢ (5.183)
Yio = % cos (5.184)
1 /15 ;
Yoo = \/oo sin? § e21¢ (5.185)
1 .
Yo = - 8_7? sin f cos 6 ' (5.186)
5 (3 1
Yoo = o <5 cos?f — 5) (5.187)
together with (5.177).
11. For the Laplacian holds
16° (41
V) Yin(0,0) = [1r - S he Y@ Gasy

Exercise 5.4.1: Derive expressions (5.86), (5.87).
Exercise 5.4.2: Derive the orthogonality property for the Legendre polynomials (5.179) using the
generating function w(z,t) stated in (5.156). For this purpose start from the identity

+1 0 +1
/ drw(e? = 3 1 / daPy(z) Py () (5.189)

-1 00=0 -1

evaluate the integral on the lLh.s., expand the result in powers of ¢ and equate the resulting powers
to those arising on the r.h.s. of (5.189).
Exercise 5.4.3: Construct all spherical harmonics Y3,,(6, ¢).
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5.5 Irreducible Representations

We will consider now the effect of the rotational transformations introduced in (5.42),
exp (—% - j), on functions f(6,¢) € C(S2). We denote the image of a function f(6, ¢) under

such rotational transformation by f (0,9), ie.,

F0.0) = exp (=177 ) 10.0). (5.190)

Since the spherical harmonics Yy, (0, ¢) provide a complete, orthonormal basis for the function
space Cxo(S2) one can expand

F0,0) = D com Yem(0,0) (5.191)
4m
Iy x /Y iz 2 A
Ctm = /SdQ Yv@m(97¢)exp<_ﬁﬁj>f(97¢) (5192)

One can also represent Cy(.S2)
Coo(S2) = [{Yem, £ =0,1,...00,m = —4,—0+1, ..., (}] (5.193)

where [{ }] denotes closure of a set by taking all possible linear combinations of the elements
of the set. The transformations exp (—%J - J ), therefore, are characterized completely if one
specifies the transformation of any Yz, (6, ¢)

Yim(0.0) = Y [P, Yin(6,9) (5.104)
2 m!

'm’; Im

-,

[D(ﬁ) - /Sdgmm,(e,gb) exp<—%5-j) Yim (0, 9) (5.195)

]Z’m’;fm

i.e., if one specifies the functional form of the coefficients [D()],,,s. 4, These coefficients can
be considered the elements of an infinite-dimensional matrix which provides the representation of

exp (—%6- j) in the basis {Yom, £ = 0,1,...00,m = —0,—L+1,...,0}.
We like to argue that the matrix representing the rotational transformations of the function space

Coo(S2), with elements given by (5.195), assumes a particularly simple form, called the irreducible
representation. For this purpose we consider the subspaces of Co,(S2)

Xy = [{Vom, m = —0,—0+1,....0}] ,£=0,1,2,... (5.196)
Comparision with (5.193) shows
Coo(S2) = | Xe. (5.197)
/=1

The subspaces X; have the important property that (i) they are invariant under rotations
exp (—% J- j), ie., exp (—% J- j) (X¢) = Xy, and (ii) they form the lowest dimensional sets X
obeying C(S2) = U, X, which have this invariance property.



122 Theory of Angular Momentum and Spin

The invariance of the subspaces X, under rotations follows from a Taylor expansion of the expo-
nential operator exp (—% J-T ) One proceeds by expanding first J- 7 in terms of T+, J-, and
J3 ) ) )

9T = 519_j+ + §ﬂ+j_ + U373 (5.198)

where 9+ = 11 F ¥9. The exponential operator exp (—%5 j) can be expanded in powers
(%ﬂﬂﬁr + %19+j, + U¥3J3)". One employs then the commutation properties

(T4, T-] = 20T3, [J3, Jx| = £hJx (5.199)

which follow readily from (5.56, 5.65). Application of (5.199) allows one to express

A n n n,
exp<—ﬁ19-j> = > ey TPT TR (5.200)

ni,n2,n3

Accordingly, one needs to consider the action of J}"' J""* 73" on the subspaces X,. Since the Yy, are
eigenfunctions of J3 the action of J3** reproduces the basis functions of Xy, i.e., leaves X, invariant.
The action of J_ on Y, produces Yy,,_1 or, in case m = —/, produces 0, i.e., J"? also leaves
X¢ invariant. Similarly, one can conclude that J'' leaves X, invariant. Since any additive term

in (5.200) leaves X, invariant, the transformation exp (—% J.-J ) leaves X, invariant as well. One

can conclude then that in the expansion (5.194) only spherical harmonics with ¢/ = ¢ contribute
or, equivalently, one concludes for the matrix elements (5.195)

-

O — dﬂ%w,@exp(—— .f)nmw,@. (5.201)

S h

From expression (5.200) of the rotational transformations one can also conclude that the X, are
the smallest invariant subspaces of Cy(52).

If one orders the basis according to the partitoning (5.197) of C(S2) the matrix representation of
D(¥) assumes a block-diagonal form, with blocks of dimension 1,3,5, ..., i.e.,

1x1

3 x3

D) = (5.202)

(204 1) x (20+1)
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This representation of D(¥) is the one wich has blocks of the lowest dimensions possible. The
representation is referred to as the irreducible representation, other representations are termed
reducible representations.

Exercise 5.5.1: Representations of the group SO(2)

SO(2) is the set of all 2 x 2 matrices R which are orthogonal, i.e. for which holds RTR = RRT = 1
and for which detR = 1.

(a) Show that SO(2) with the group operation o defined as matrix multiplication, is a group.

(b) Prove that the elements of SO(2) can be completely characterized through a single parameter.
(c) Show that the map R(p)

x z cosp —sin x x
()= =(8 2 () = (5)
y y sing  cosyp Y Yy
defines a representation of SO(2).

(d) Show that the similarity transformation 7'(¢) defined in the space of non-singular, real 2 x 2—
matrices O through

)

0" = T()O = R(p)OR ()

with R(y) as in (c) is also a representation of SO(2).
(e) In the space C*°(1) of infinitely often differentiable, and periodic functions f(«), i.e. f(a +
27) = f(«), the map p(p) defined through

Fl@) L g(p) = fla = ) = ple)f(a)

also defines a representation of SO(2). Determine the generator of p(¢) in analogy to (5.22, 5.49).
(f) The transformation p(p) as defined in (e) leaves the following subspace of functions considered
in (e)

X, = {fla) = Ae7™* Ac C,me N}

invariant. Give the corresponding expression of p(p).

5.6 Wigner Rotation Matrices

We will now take an important first step to determine the functional form of the matrix elements
of D(1¥). This step reconsiders the parametrization of rotations by the vector J assumed sofar. The
three components ¥,k = 1,2,3 certainly allow one to describe any rotation around the origin.
However, this parametrization, though seemingly natural, does not provide the simplest mathe-
matical description of rotations. A more suitable parametrization had been suggested by Euler:

every rotation exp (—% J-F ) can be represented also uniquely by three consecutive rotations:
(i) a first rotation around the original zs—axis by an angle a,
(ii) a second rotation around the new z,—axis by an angle 3,

(iii) a third rotation around the new zf—axis by an angle ~.
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The angles «, 3, will be referred to as Euler angles. The axis ), is defined in the coordinate frame
which is related to the original frame by rotation (i), the axis x4 is defined in the coordinate frame
which is related to the original frame by the consecutive rotations (i) and (ii).

The Euler rotation replaces exp (—% J-F ) by
R LT L (5.203)
For any ¢ € R? one can find Euler angles a, 3, v € R such that
exp <—% J- j) = e i e iBTs g heds (5.204)

is satisfied. Accordingly, one can replace (5.194, 5.195) by

Yim(0,6) = > D, 8,9 m Yem(6,0) (5.205)
o’
[D(aaﬁa'}/)]é’m/;ém = /S ds2 Yv;m’(aﬂb) 6_%%]‘4’/6_%6% 6_%aJ31/£m(9,¢) )
2
(5.206)

The expression (5.203) has the disadvantage that it employs rotations defined with respect to three
different frames of reference. We will demonstrate that (5.203) can be expressed, however, in terms
of rotations defined with respect to the original frame. For this purpose we notice that Jj can be
expressed through the similarity transformation

T, = e w075 Jy ehols (5.207)

which replaces Jj, by the inverse transformation (i), i.e., the transformation from the rotated frame
to the original frame, followed by Jo in the original frame, followed by transformation (i), i.e., the
transformation from the original frame to the rotated frame. Obviously, the Lh.s. and the r.h.s. of
(5.214) are equivalent. For any similarity transformation involving operators A and S holds

eSASTH = gt gt (5.208)
Accordingly, we can write _ _ _ _
e" P = emnos omB2 gads (5.209)
The first two rotations in (5.203), i.e., (i) and (ii), can then be written

io7 4

e_EﬁJQQ rods 6_%01‘]3 6_%ﬂj2 (5210)

The third rotation in (5.203), in analogy to (5.209), is

i

e~ w1 = TPl TR TV o3 i f (5.211)

Using (5.209) in this expression one obtains

6*%')/]3/ — 67%01173 ef%ﬁJQ e%a]g 67%0&]3 e*%’)’]g e%ajg 67%0&]3 e%,@]z e%ajg,

= e i = 7w gm B2 em iV B2 i3 (5.212)
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Multiplication from the left with (5.210) yields the simple result

e iV e~ 1Pl emhels = emeds o iB2 o= 13 , (5.213)
i.e., to redefine the three rotations in (5.203) with respect to the original (unprimed) frame one

simply needs to reverse the order of the rotations. This allows one to express the rotational
trasnformation (5.205, 5.206) by

Yom(0.0) = Y [P 8.y om Yo (0, 0) (5.214)
o m!
[D(a, 677)]€’m’;ﬂm = /5: df) Y;m/(@, qb) 6_%0‘J3 e—%ﬂh 6_%7‘]3}/[,”(9, gb) )
(5.215)

The evaluation of the matrix elements (5.215) benefits from the choice of Euler angles for the
parametrization of rotational transformations. The eigenvalue property (5.64) yields

[ 4256.0) € 1Yi0(0.0) = [ d921(6.6) Yin(6.6) (5.216)
52 SQ
Using, in addition, the self-adjointness of the operator [J3 one can state
| 0%, 0.0 i 0 p0.0) = e [ d0Y5,00.0) £0,0). (5.217)
Sz S2

Accordingly, one can write

[D(avﬁav)]ém;ﬁ/m’ — e—iozm’ </; dQ anl(e,(b) 6_%ﬂ‘72 vam(97¢)> e—i'y’m 5“' (5218)

2

Defining the so-called Wigner rotation matrix
di) . (8) = / QY (0, 0) €70 Yy (6, ) (5.219)
So

one can express the rotation matrices

[D(0 BN o g = €™ ) (B) €™ S (5.220)

We will derive below [see Egs. (5.309, 5.310)] an explicit expression for the Wigner rotation matrix
(5.219).

5.7 Spin 1 and the group SU(2)

The spin describes a basic and fascinating property of matter. Best known is the spin of the
electron, but many other elementary components of matter are endowed with spin-like properties.
Examples are the other five members of the lepton family to which the electron belongs, the electron
e and the electron neutrino v, of the first generation, the muon x and its neutrino v, of the second



126 Theory of Angular Momentum and Spin

generation, the tau 7 and its neutrino v, of the third generation and their antiparticles carry a
spin—%. So do the three generations of six quarks, two of which (in certain linear combinations)
make up the vector mesons which carry spin 1, and three of which make up the baryons which
carry spin—% and spin—%. There are also the mediators, the gluon, the photon, the two W+ and the
7°, particles which mediate the strong and the electro-weak interactions, and which carry spin 1.
The particles mentioned, e.g. the quarks, carry other spin-like properties which together, however,
have properties beyond those of single spins. In any case, there is nothing more elementary to
matter than the spin property. The presence of this property permeates matter also at larger scales
than those of the elementary particles mentioned, leaving its imprint on the properties of nuclei,
atoms and molecules; in fact, the spin of the electron is likely the most important property in
Chemistry. We may finally mention that the spin is at the heart of many properties of condensed
matter systems, like superconductivity and magnetism. It appears to be rather impossible for a
Physicist not to be enamored with the spin property. We will find that the spin in its transformation
behaviour is closely related to angular momentum states, a relationship, which might be the reason
why consideration of rotational symmetry is so often fruitful in the study of matter.

We will consider first only the so-called spinf%, generalizing then further below. Spin-% systems
can be related to two states which we denote by x4+ and x_. Such systems can also assume any
linear combination c;x; + c_x_, c+ € C, as long as |c;|? + |c_|? = 1. If we identify the states
X+ and x_ with the basis of a Hilbert space, in which we define the scalar product between any
state [1) = a;x4 + a—x— and |2) = byx4 + b_x— as (1]2) = a’by + a*b_, then allowed
symmetry transformations of spin states are described by 2 x 2-matrices U with complex-valued
matrix elements Uj;. Conservation of the scalar product under symmetry transformations requires
the property U UT = UTU = 1 where UT denotes the adjoint matrix with elements [UT]].,g = U,;"j.
We will specify for the transformations considered detUU = 1. This specification implies that we
consider transformations save for overall factors e’® since such factors are known not to affect any
observable properties.

The transformation matrices are then elements of the set

SU(2) = {complex?2 x 2 matricesU; UUT = UTU = 1, detU = 1} (5.221)

One can show readily that this set forms a group with the groups binary operation being matrix
multiplication.

How can the elements of SU(2) be parametrized. As complex 2 x 2 matrices one needs, in principle,
eight real numbers to specify the matrix elements, four real and four imaginary parts of Uj, 5,k =
1,2. Because of the unitarity condition UTU = 1l which are really four equations in terms of real
quantities, one for each matrix element of UTU, and because of detU = 1, there are together five
conditions in terms of real quantities to be met by the matrix elements and, hence, the degrees of
freedom of the matrices U are three real quantities. The important feature is that all U € SU(2)
can be parametrized by an exponential operator

U = exp (—zﬁ- §) (5.222)

where the vector S has three components, each component S,k = 1,2,3 representing a 2 x 2
matrix. One can show that the unitarity condition requires these matrices to be hermitian, i.e.
[Sklnm = ([Skl,,m)”> and the condition detU = 1 requires the Sj to have vanishing trace. There
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exist three such linear independent matrices, the simplest choice being

1 1 1
Sl = 50'1, SQ = 50’2, 53 = 50’3 (5223)

where o, k = 1,2,3 are the Pauli matrices

0 1 0 —1 1 0
O‘1—<10>,02—<i 0>,Ug—<0_1>. (5.224)

Algebraic Properties of the Pauli Matrices

The Pauli matrices (5.224) provide a basis in terms of which all traceless, hermitian 2 x 2-matrices
A can be expandend. Any such A can be expressed in terms of three real parameters z,y, z

B z T — 1y
A_<x—|—iy . >, x,y, 2z, ER. (5.225)
In fact, it holds,

A =201 + yoy + z03. (5.226)

The Pauli matrices satisfy very special commutation and anti-commutation relationships. One can
readily verify the commutation property

0j0K — 0p0j = [0j, Okl = 2i€jr0¢ (5.227)

which is essentially identical to the Lie algebra (5.31) of the group SO(3). We will show below that a
2-1-homomorphic mapping exists between SU(2) and SO(3) which establishes the close relationship
between the two groups.

The Pauli matrices obey the following anti-commutation properties

ojor + opoj = [oj, okl = 261, (5.228)

ie.
(aj)2 =1; oo = —ofe? forj #k (5.229)

which can also be readily verified. According to this property the Pauli matrices generate a 3-
dimensional Clifford algebra C5. Clifford algebras play an important role in the mathematical
structure of physics, e.g. they are associated with the important fermion property of matter. At
this point we will state a useful property, namely,

(G-3)(FG-b) = a-bll + id - (@xb) (5.230)
where @, b are vectors commuting with &, but their comonents must not necessarily commute with
each other, i.e., it might hold ajb; — bra; # 0. The proof of this relation rests on the commuta-
tion relationship and the anti-commutation relationship (5.227, 5.229) and avoids commuting the
components a; and by. In fact, one obtains

(F-a@)(F-b) = Y0 0lokajbe =

Z;’:l(aj)Q a;b; + Z?}ykzl olok ajby + Z?,k:l olok ajby . (5.231)
>k Jj<k
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Using (67)2 = 1 the first term on the r.h.s. yields @ - b. The two remaining terms yield using

k= —o*od for j # k and altering ‘dummy’ summation indices

Z:;,k=1 UjUk (ajbk — akbj) =

olo

>k
3 S Gkm1 090k (ajby — agby) — 53541 0% 07 (ajby — aby) =
J>k i>k
3 5um1 (070" — okl (abi — auby) (5.232)
i>

The commutation property (5.227) leads to
3

i Z €jkeoy (ajby — agbj) = i
Jvk:]-
>k

o~
Il w
—

0 (a X E)e . (5.233)

This result together with (5.231) proves (5.230).
In the special case @ = b € R3 holds

(¢-d)* = a’n. (5.234)

5.8 Generators and Rotation Matrices of SU(2)

Sofar there is nothing which relates the transformations U, i.e. (5.222), to rotations in space. This
relationship emerges, however, through the algebra obeyed by the operators Sy

[Sks Se] = i €kom Sm (5.235)

which is identical to that of the generators of SO(3). The algebra of the generators of a transforma-
tion is such a basic property that the ‘accident’ that the generators of spin transformations behave
in this respect like the generators of 3-dimensional rotations makes spins appear in their physical
behaviour like rotations. Well almost like it, since there is a slight difference: when you interprete
the 3-component J in (5.222) as a rotation vector and you rotate once, let say around the xo—axis
by 360°, spin changes sign; only a 720° rotation leaves the spin invariant. We like to derive this
result now by evaluating the transformations of SU(2) explicitly. For this purpose we choose to
replace (5.222) by the Euler form

exp(—ivS3) exp(—i3Ss) exp(—iaS3) . (5.236)

The matrix elements of this 2 x 2 operator can be labelled by the basis states x4+ and y_, however,
we like to draw in this respect also on a close analogy to angular momentum states which developes
if one considers the operators S? = S? + 52 + Sg and S3. Noticing the idempotence of the Si’s

1
S2 = 1 (é (1)> (5.237)
one obtains 5% = 21 = (3 4+ 1)1 and, hence,

1
Fxe 5 Sixa = Eoxs (5.238)
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This result implies that the states x4+ behave in relation to the generators of SU(2) like an angular
momentum state |2 + 1) in relation to the generators of SO(3). We may, therefore, use the label
|2 £ 1) for the states x4.

We obtain with this notation for the transformations (5.236)
(3m |exp(—ivSs) exp(—iS2) exp(—iaSs) | 3m)
= e ™ (Im |exp(—iBSs) | 4m') e iom’

(3)

= e7m g2 (B)e"iom (5.239)

where we made use of the notation (5.219).

In order to determine the Wigner matrix in (5.219,5.239 ) one expands the exponential operator
exp(—i(Sy). For this purpose one needs to determine the powers of —i3Ss. The idempotence
property of Sy yields particularly simple expressions for these powers, namely,

(=B8)* = (-1)" (%)% 1 (5.240)
(=88 = (1" (%)QnH ( _01 é) : (5.241)

Taylor expansion of the exponential operator yields then

o] ,8 2n o] ,6 2n+1 0 1
exp(—if3Sy) = ;(—1) <§> 1+ Z:O(—l) <§> ( 1o ) (5.242)
The expressions in brackets [...] can be identified with the Taylor expansion of the cos- and sin-

functions and one obtains for the rotation matrices
1 B _qnB
( d'2) () ) = ( cosg TS ) . (5.243)

Sln§ COS 3

sy

We note the property of this rotation matrix
1
( e (27) ) = -1 (5.244)

i.e. rotation by 360° changes the sign of the spin state.
The complete matrix elements (5.239) in the notation (5.220) are

B ,i(ngl B Z’(ﬂ,l
_ COS2 e 22 Sln2 etz 2
(D, By o o1 ( sind l-3+3  cosd eil3+3 (5.245)

5.9 Constructing Spin States with Larger Quantum Numbers
Through Spinor Operators

In this section we like to demonstrate, following Jourdan and Schwinger, that states [¢m) for higher
quantum numbers £ = 0, %, 1, %, 2,...,m = —{,—f+1,...¢ can be constructed formally from spin
states x4 if one considers the two properties y+ to be carried by two kinds of bosons, i.e. identical
particles any number of which can exist in the same state x4+ and x—. One cannot consider the
entities carrying the spin—% to be particles in the ordinary sense for it can be shown that spin—%

particles have fermion character, i.e. no two such particles can exist in the same state.
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Definition of Spinor Creation and Annihilation Operators
We present the states y+ through creation operators bl which when applied to a formal vacuum
state |Uo) generate x4, i.e.

bL|Wo) = x4 5 bL[Wo) = x— . (5.246)

The corresponding adjoint operators are denoted by b4 and b_. The boson character of the op-
erators bl = (bl,bT_)T and b = (b+,b_)T is expressed through the commutation relationships

(Cacl = +, *)

[be,ber] = [bL0L] = (5.247)
(b, 01| = o (5.248)

For the vacuum state |¥g) holds
by |Wo) = 0 (5.249)

In the following will refer to bf = (b:_, bT_)T and b = (by,b_)T as spinor creation and annihilation
operators. These operators are associated with a given spatial reference system. We consider,
therefore, also operators of the type

bl = $+b1 +oa bl ah = xhby + xtb_ (5.250)

which for z*x = 2%z, + 2" x_ = 1 represent spinor operators in an arbitrary reference system.
For example, using (5.243) the creation operators in a coordinate system rotated by an angle (3
around the y—axis are

B
2

g

A 251
5 b= (5.251)

(bﬁr)T = cosg bi + sinZ bl ; (b’ )T = —sing bL + cos

f
One can show using this property and (5.247,5.248) that (b/C) and b/C obey the commutation
relationships
Wevle] = [pEvl] =0 (5.252)

Vel = (5.253)

The States |V(j,m))

The operators bl allow one to construct a set of states which represent j + m—fold and j — m—fold
X+ and y_ states as follows

VG +m) /(G —m)!

We will show below that these states are orthonormal and form spin states with higher quantum
numbers, i.e. j = 0,%,1,%,... sm = —j3,—73+1,...7.

SNFAm gy g
W (j,m)) = (b+) <b_> W) (5.254)
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5.10 Algebraic Properties of Spinor Operators

We want to establish first a few important and useful algebraic properties which result from the
commutation relationships (5.247, 5.248) and from (5.249).

The Spinor Derivative Operator

A most important operation is the action of the annihilation operators b, and b_ on operators
which can be expressed as polynomials, possibly infinite power series, in bi and b . An example

_l’_ —
is the monomial b:_ m bi)J " which generates the states (5.254). We will derive the result,

well-known for the quantum mechanical harmonic oscillator, that the annihilation operators play
a role similar to the differential operator in calculus.
For this purpose we consider the following polynomial of creation operators

N

L) =S (b)) (5.255)

n=0

In order to determine how this operator is modified by multiplication from the left by b, we note
b, f(b) |state) = [b+, f(bi)} state) + F(bl) by [state) . (5.256)
In the special case |state) = |W) this reads using (5.249)

b f L) [Wo) = [ ba FL) | o) - (5.257)

Equations (5.256) and (5.257) motivate us to determine the commutator |:b+, f (bl)] which for

(5.255) is
[b+, f (bTﬂ -S e [b+, (bl)”] . (5.258)

n
Obviously, we need to evaluate [b+, (bi) ] We will show that for this commutator holds

[b+, (bL)”} - n(bL)”_l . (5.259)

The property is obviously true for n = 0. If it is true for n then using (5.248) we obtain

e ()] = o (1))
S CICONCE CARCREY
- n(bl>n71b1+(bl)n

- (n+1) (bi)n , (5.260)
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i.e. the property holds also for n+ 1. By induction we can conclude that (5.259) holds for all n € N.
One can finally conclude for polynomials (5.255)

b JOL)] = 70 (5.261)
where f'(z) = %. Similarly, one can prove
[b,,f(bi)} = f(h) (5.262)

Because of the commutation relationships (5.247) the more general property for polynomials
£, 67) in % and b holds (¢ = +,—)

toty] = 9 et ot
(b, Folb0)] = 8—b2f(b+,b)- (5.263)

According to (5.257) we can conclude in particular
topt O et bt
be SO0 [B0) = O 50101 0) (5.264)
¢

This demonstrates the equivalence of the spinor operators b¢ and the derivative operation.
Equation (5.263) corresponds to the product rule of calculus O f(Z)g(¥) = (Ouf(%))g(Z) +
f(£)(Okg (%)) which can be written (9 f(Z) — f(Z)0k)g(Z) = [0k, [(Z)] 9(Z) = (Onf(T))g(Z)

or
[0k, [(D)] = Of(Z). (5.265)
Generating Function of the States |U(j,m))

We want to prove now the property

00 J
exp (ab') [Wo) = D0 D by (@) W (Gom) (5.266)

j=0,3,1,... m==Jj

where b has been defined in (5.250) and where ¢, (x) represents the function of the two variables
x4+ and x_ closely related to |¥(j,m))
xi_—&-mxj_—m

VG +m) (G —m)

exp (zb') [Wo) is called a generating function of [¥(j,m)).
In order to derive (5.266) we compare the terms

- t Jj+m - T_ j—m
¢jm<w>w<j,m>=<(ff21)! ((jb_?n)! W) (5.268)

Pjm (¥) = (5.267)
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with the s—th term in the binomial expansion of (a + b)"

n!

YT 2
st (n—s)" (5.269)
Defining
j+m = N-—s
Jmmo= s, (5.270)
one obtains
N—s s
, ($+bi) (iLLbi)
e
_ 1 N' _‘_ N-—s _‘_ S
N! [m] (x+b+) (l’—b_) [Wo). (5.271)

Summation over s from s = 0 to s = N yields

i Z g () (o)

- ]\1” (mbT +a b*) W)

1 2j
_ t t
= & (a:+b+ —I—x,b,) Wo) (5.272)
The summation over s can be written in terms of j and m using (5.270)
N 2j J
Y -y (5.273)
s=0 j—m=0 m=—j

Change of the summation indices allows one to conclude

J

Z bjm () ¥ (j,m)

1
- —(:mﬁ Yo bT) W)
(27)
1 t
- & (xb) |0y, (5.274)
Summing this expression over 2j = 0,1, 2, ..., i.e. chosing the summation index j = 0, ot ,2’,2,...,
leads to
o0 .
1 2j
S @i - Y 577 (1) 1wl
Jj= 0727 ’ Lm==] jZO,%,l,... '
o0
1
= Y (=) 1w0)
u!
u=0,1,

— eap (:;bT ) o) (5.275)
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which concludes our derivation. The generating function allows one to derive various properties of
the states |¥ (4, m)) and will be used for this purpose below.

Orthonormality of the States |V (j,m))
We want to show now that the states (5.254) are orthonormal, i.e. that

(W (j,m) |V (5',m')) = 8;j0mm (5.276)
holds. For this purpose we consider the inner product

<€(mbT)‘I,0‘e(be)\I]0>
= Y i (@) by (1) (W (Gm) [W (5, m)) (5.277)

. .
2,110,771

To evaluate this expression we first notice
[e(wb*)r = @) (5.278)

which allows us to replace the Lh.s. of (5.277) by <\Ifo\e(x*b)e(ybf)\lfo>. In order to evaluate the
operator @) W) we notice that the derivative property (5.264) implies

bee W) W) = e |wy) . (5.279)

One can generalize this to
(be)* ) [wg) = yée(y”) |Wo) . (5.280)

The commutation properties [b4,b_] = 0, [bi, b'] =0 and [b_, bE_] = 0 allow one to state that for
any polynomial f(b4,b_) holds

F(bs, )W) 1wo) = fyy,y- ) |wo) (5.281)
and, hence, one can write

(e(#)wole () wg)
= (Wole@ Velv)wy)
@) (o |e(#") @) (5.282)

where we defined z*y = x%yy + 2" y_. According to (5.249) for any non-vanishing integer s holds
(Wo[b*To) = 0 (5.283)
and, therefore, we can conclude

(@)@l gg) = (v (5.284)
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and comparing (5.282) and (5.277)

D am ) b () (2 Gm) |8 (7)) = 0. (5.285)

Jym,j’m/

Following steps similar to those in Eqgs. (5.268-5.275) one can show

@) qu]m ) bim (Y) - (5.286)

from which follows immediately the orthonormality property (5.276).

New Representation of Spin 0, %, 1, g, ... States
We want to demonstrate now that the states |¥ (j,m)) as given in (5.254) are eigenstates of oper-
ators J? and J3 with eigenvalues j(j + 1) and m where J2 and J3 are representations of the spin
operators S? = S7 + 52 + 53 and S3 defined in 5.223, 5.224). One defines corresponding operators
Ji, through
1
i =5 > bk < Clowl ¢ > ber (5.287)
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where oy, k = 1,2,3 denote the Pauli spin matrices (5.224). In our present notation the matrix
elements < ¢ |og| ¢’ > for ( = + correspond to the matrix elements < ¢ |o%| ¢’ > for o = :l:%. The
operators are explicitly, using < + |o1|+ >=< —|o1| = >= 0, < +|o1| — >=< —|o1| + >= 1,
etc.,

B = %(bib,wf by )
By = %(bib_—bim)
Jy = %(blm—bib_) . (5.288)

The three operators obey the Lie algebra of SU(2)
[Ji, Jj] = i€ijiJ - (5.289)

This property is derived as follows
[Ji, J;] = Z <nlojlm><n|oj|m > [b};bm,bjl,bm/}

n,n’ m,m’

S° <nloilm>< (ol m' > {8}, b bl | b

n,n’,m,m’

+bf, [b;, bm/} b}

1
= 1 Yo <nloilm><n|ojlm > {blbu b — bl b}

n,n’,m,m’

R N
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1
= > <nloilm >< m|oj|m’ > blbyy

n,m,m’

1
~1 Z <n'loj|m' ><m|o;|m > b};bm
n' m,m’
1
= ZZ < n|loi, 5]l m > bl by,
n,m

1
= Z Z < n]2ieijkak|m > b;rme

n,m,k

) 1
i€iji s Z < nlog|m > bl by,
n,m

|¥ (j,m)) as Eigenstates of J? and J;

We wish to show now that the states |¥ (j,m)) are eigenstates of J2 and J3. To this end we note
2 2 2 2 1 1 2
JO=J7 + J5 + J3 = 3 JyJ_ + 3 J_Jo + J3 . (5.291)

Here we have defined

Jy =S+ idy = blbo

Jo = Ji —iJy = blb,. (5.292)
The commutation relationships (5.289) yield
[J_, J+] = [Jl — iJo, J1 + iJg] = — [JQ, Jl] + i[Jl, JQ} = —2J3 (5.293)
from which we can conclude the property
1 1
§J_J+ == §J+J_ - J3 . (5294)
Hence,
J2 = Jy .+ JE = T3 = J3(Js — 1) + JJ . (5.295)

The last result together with (5.292), (5.288) yields first the expression
1
J? = Z(bub+ — b b ) (bTyby — b b —2) + bbb by . (5.296)

which results in

JE = (bt bbby + bbbt b — 26T by — bT_b_ bl by
+of b bt b + 2bf b + 4bt bbby ) (5.297)
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The last term on the r.h.s. can be written

bbbt by = biyby + bbbl b
1 1

= b, + EbT+b+bT_b_ + 5bT_b_bT+ by . (5.298)
One can then state

1

J? = 1 (bTob)? + bbbt b + bbbl by

+ (') 4+ 20T, by + 20T b | . (5.299)
Defining the operator

|

k= 5(bub+ + bf_b_) (5.300)
one can write finally o

J2=k(k+1) . (5.301)

Obviously, the states (5.254) are eigenstates of bf b, and bl _b_ with eigenvalues j+m and j —m,
respectively, and eigenstates of k with eigenvalues j. One can then conclude

JU(Gm) = G+ 1) (j,m) (5.302)
J3[¥(j,m)) = m|¥(j,m)). (5.303)
One can furthermore derive readily
Je¥ (Gm) = VG+m+1)([G—m)|¥(jm+1) (5.304)
J-W(G,m) = G+m)(G—m+D¥(Gm-1). (5.305)

Exercise 5.10.1: The system investigated in this section is formally identical to a 2-dimensional
isotropic harmonic oscillator governed by the Hamiltonian
H = hw(bfby + byby + 1); [bj,b] = 61, j = 1,2.
(a) Show that the eigenstates are given by
1 1
e = i

where the vacuum states are defined through b;|0); = 0. State the corresponding eigenvalues and
the degree of degeneracy, i.e., the number of states to the possible energy eigenvalues.
(b) Show that the three operators

(57)™ [0h —= (63)™ 10)-

1 1 1
I = Q(bfbg + b;bl), I, = ?Z(bier — b;bl), I3 = Q(bfbl =+ b;bg)

satisfy the Lie algebra of SU(2), i.e. [I}, ;] = i€;redy. Construct, using operators I+ = Iy £ ily
and the subspace {|n1,n2), n = nj+ny fixed, ny = 0,1,2,...,n} eigenstates of I? = I? +15 + 12
and of I3

I[N, m) = N[\, m); I3||A,m) = m||\,m)

where A = 0,12,...,m= —\, —A+1,...,A Show A\ = M3n2(mtnz 4 1) and m = %(nl — ng).
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5.11 Evaluation of the Elements ¢/, () of the Wigner Rotation
Matrix

The spinor algorithm allows one to derive expressions for the Wigner rotation matrix elements
& (). For this purpose we note that the states |¥(jm)) in a rotated coordinate system according

mg254) are |
b/T j+ml b/T_ jim/
) = 5(;1 5 \</(j )_ T (5.306)

where b’i and b1 are given by (5.251). On the other side the states [¥’ (j,m’)) are related to the
states | (7, m)) in the original coordinate system by

W' (j,m

0 (j,m Z d9(8) % (j,m)) . (5.307)

m=—j

Comparision of (5.306) and (5.307) shows that the elements of the rotation matrix can be obtained
by binomial expansion of b’l and b7 in terms of bi and b' . For this purpose we expand

(m)j””’ (w)j‘m' _
(cosng + smﬁbT> (—singbirF + cos%bi)y_m =

/

jtm! ] +m < ﬁ)a ( . g>j+m’_g/
o'=0 o. 0 < o' ) COSQ S1n2
i —m/ —-m’'—o o'+o 2j—0'—0o
(‘7 am ) (—sing) (cosg) (bl) (bi) (5.308)

The latter sum involves terms (bl)”m(bi)j*m foro’+0 =j+mand2j—0 —0c = j—m
One may expect that these two conditions restrict both ¢’ and o. However, both conditions are
satisfied for ¢/ = j + m — 0. The combination of o,0’ values which yields (bi)Hm(bE)j M s

then 0/ = j 4+ m — 0. The prefactor of (bi)j+m(bt)j_m which according to (5.306,5.307) can be

identified with the elements d%)m, (B) of the rotation matrix can then be written
() B (]—I—m‘ 4 j+m j—m
) (B) = \/(; ) 0 Z itm-o i X (5.309)

o, 2j—m—m'—20 m-+m/+20
X (=177 (sin§> (cosg) .

In case j = 1 this expression yields, for example,

(1 + cosp) %sinﬁ

(1 — cosp)

N[

(1) _ _ L g 1
(dym) = 1 N clos'ﬂ 1 sing (5.310)
5 (1 —cosp) ——5sinf 5(1 +cospB)

and in case j = % it reduces to (5.243).
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5.12 Mapping of SU(2) onto SO(3)

The representation (5.310) establishes a mapping of SU(2) onto SO(3). This can be shown by
applying to the matrix A = (d(l)

o7 m) i (5.310) the similarity transformation

A =U'AU (5.311)

where U is the 3 x 3 unitary matrix which establishes the transformation

%(—Jn - iajg) T —% —% 0
I3 =U ) ; U = 0 0‘ 1 . (5.312)
%(zl — ix9) x3 % —ﬁ

The choice of this transformation derives from a property shown further below, namely that
the component of the vector on the Lh.s. of (5.312) transforms like an angular momentum state
|1 m). Hence, the matrix A should represent a rotation around the zo—axis in the space of vectors
(z1,22,23) € R3. Evaluation of A yields

. -1 0 1 1 + cosf  V2sinf 1 — cosf
A = % i 0 —V/2sinff  2cosf V2sing X
V2 0 1 — cosf —v2sinf 1 + cosf
-1 — 0 —2cosfi —2v/2sinf 2cosf
x| 0 0 v2 | =3 2i 0 2 X
1 —i 0 —2sinf 2v/2cosB  2sinf
-1 —i 0 cos@ 0 —sing
X 0 0 V2 = 0 1 0 (5.313)
1 —i 0 sin@ 0 cosf

which, in fact, is the expected element of SO(3), i.e., the orthogonal 3 x 3 matrix which describes
a rotation around the zo—axis.

It is of interest to trace the mapping from SU(2) onto SO(3) as represented by (5.310) to the
SU(2) transformation assumed in deriving the general result (5.309) and the particular matrix
(5.310). The SU(2) transformation entered in (5.308) and had the form (5.251). Replacing the
latter transformation by its negative form, i.e.,

B
2

bl (b’_)T = sing bl — cosé bl (5.314)

(bﬁr)T = —cosg bi — sin 5

leaves (5.308) unaltered except for a factor (—1)%/ which multiplies then also the final result (5.309).
This factor implies, however, that the the representation (5.309) does not distinguish between SU(2)
transformations (5.251) and (5.314) in case of integer j—values, e.g. in case of j = 1. One can,
therefore, conclude that the mapping from SU(2) onto SO(3) is a 2—-1 mapping.
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