Chapter 1

Lagrangian Mechanics

Our introduction to Quantum Mechanics will be based on its correspondence to Classical Mechanics.
For this purpose we will review the relevant concepts of Classical Mechanics. An important concept
is that the equations of motion of Classical Mechanics can be based on a variational principle,
namely, that along a path describing classical motion the action integral assumes a minimal value
(Hamiltonian Principle of Least Action).

1.1 Basics of Variational Calculus

The derivation of the Principle of Least Action requires the tools of the calculus of variation which
we will provide now.
Definition: A functional S[] is a map

S[]:F —=R; F={qt);q: [to,t1] € R — RM; ¢(t) differentiable} (1.1)

from a space F of vector-valued functions ¢(t) onto the real numbers. ¢(t) is called the trajec-
tory of a system of M degrees of freedom described by the configurational coordinates G(t) =
(q1(t),q2(t), - .- qm(t)).

In case of N classical particles holds M = 3N, i.e., there are 3N configurational coordinates,
namely, the position coordinates of the particles in any kind of coordianate system, often in the
Cartesian coordinate system. It is important to note at the outset that for the description of a
classical system it will be necessary to provide information ¢(t) as well as %(j’(t). The latter is the
velocity vector of the system.

Definition: A functional S[] is differentiable, if for any ¢(t) € F and 04(t) € F. where

Fe = {0q(t); 0q(t) € F, |0q(t)] < e, |%5q"(t)\ < €Vt t € [to,t1] CR} (1.2)
a functional 5[, -] exists with the properties
()  Sla(t) + 8q(t)] = Sla(t)] + 6S[d(t). 6q(1)] + O(e?)
(i7) 9S[q(t),dq(t)] is linear in 6q(t). (1.3)
dS[-, -] is called the differential of S[]. The linearity property above implies
05[q(t), 1 0G1(t) + a20q2(t)] = a10S[q(t),641(t)] + a20S(q(t),0G2(t)] - (1.4)
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Note: §q(t) describes small variations around the trajectory ¢(t), i.e. ¢(t) + dg(t) is a ‘slightly’
different trajectory than ¢(t). We will later often assume that only variations of a trajectory ¢(t)
are permitted for which 0¢(tg) = 0 and d¢(¢t1) = 0 holds, i.e., at the ends of the time interval of
the trajectories the variations vanish.

It is also important to appreciate that §S[-, -] in conventional differential calculus does not corre-
spond to a differentiated function, but rather to a differential of the function which is simply the

differentiated function multiplied by the differential increment of the variable, e.g., df = %dw or,

in case of a function of M variables, df = Z;‘i 1 ng]_da:j.

We will now consider a particular class of functionals S| ] which are expressed through an integral

over the the interval [tg,t;] where the integrand is a function L(q(t), %J(t), t) of the configuration

vector ¢(t), the velocity vector %(j’(t) and time t. We focus on such functionals because they play

a central role in the so-called action integrals of Classical Mechanics. .

In the following we will often use the notation for velocities and other time derivatives 2q(t) = ¢(t)
dr; .

and & = @j.

Theorem: Let .
1

Slaw) = | dtL(@t), q(t), 1) (1.5)
to
where L(-, -, -) is a function differentiable in its three arguments. It holds
" M M f
! oL d (OL oL

dS[q(t), 0q(t)] = / dt [— - —<—)] 0g;(t) p + —4dq;(t)| . 1.6
aoane) = [ a3 (o~ alag)) w0 )+ D] - 09

0

For a proof we can use conventional differential calculus since the functional (1.6) is expressed in
terms of ‘normal’ functions. We attempt to evaluate

tl . .

St + oqtv) = [ deL(@(o) +qte).dte) + i) 0 (1.7)
to

through Taylor expansion and identification of terms linear in dg;(t), equating these terms with

3S5[q(t),04(t)]. For this purpose we consider

oL oL

M
L(G(t) +6q(t), q(t) +8q(t).t) = L(q(t),q(t),t) + Z( 6.

7=1
We note then using %f(t)g(t) = f(t)g(t) + f(t)g(t)
oL _. d (0L d OL
i = i (o) ~ (@) o
This yields for S[q(t) + 6q(t)]
v MraL 4 /oL n Mg oL
S[q(t +/dt [——(—_)]5-+/dt —<—_5->+er 1.10
[7(t)] ) ; o~ @i\og )]0t ) > 54,0 ()  (1.10)

From this follows (1.6) immediately.
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We now consider the question for which functions the functionals of the type (1.5) assume extreme
values. For this purpose we define
Definition: An extremal of a differentiable functional S| ] is a function g.(t) with the property

5S[G.(1),64(t)] = 0 for all 6q(t) € F. (1.11)

The extremals G.(t) can be identified through a condition which provides a suitable differential
equation for this purpose. This condition is stated in the following theorem.

Theorem: Fuler—Lagrange Condition

For the functional defined through (1.5), it holds in case 0q¢(to) = 9q(t1) = 0 that g.(¢) is an
extremal, if and only if it satisfies the conditions (j = 1,2,..., M)

d (0L oL

(=) - 2= — 1.12

dt <3%’> 9q; (112)
The proof of this theorem is based on the property
Lemma: If for a continuous function f(t)

f: [to,tﬂ CR —- R (1.13)
holds

t1
dt f(t)h(t) = 0 (1.14)

to
for any continuous function h(t) € F. with h(tp) = h(t;) = 0, then

f(t) = 0 on [to,t1]. (1.15)

We will not provide a proof for this Lemma.
The proof of the above theorem starts from (1.6) which reads in the present case

f: [g—qu - %(g—iﬂ ag;j(t) o - (1.16)

Jj=1

s, o) = | "

This property holds for any d¢; with d¢(t) € F.. According to the Lemma above follows then (1.12)
for j = 1,2,... M. On the other side, from (1.12) for j = 1,2,... M and d¢;(ty) = 6g;j(t1) = 0
follows according to (1.16) the property 6S[G.(t), -] = 0 and, hence, the above theorem.

An Example

As an application of the above rules of the variational calculus we like to prove the well-known result
that a straight line in R¥ is the shortest connection (geodesics) between two points (x1,%1) and
(z2,y2). Let us assume that the two points are connected by the path y(z), y(z1) = 1, y(x2) = yo.
The length of such path can be determined starting from the fact that the incremental length ds
in going from point (z,y(x)) to (z + dz,y(x + dz)) is

ds — \/(dx)2 + (j—idxy — dny /1 + (j—z)?. (1.17)
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The total path length is then given by the integral

5 = /z: dey[1 + (Z—i)?. (1.18)

s is a functional of y(z) of the type (1.5) with L(y(x), g—g) = /1 + (dy/dx)?. The shortest path
is an extremal of s[y(z)] which must, according to the theorems above, obey the Euler-Lagrange

condition. Using y/ = Z—Z the condition reads

d (OL\ i Y B
d (8_y’> Coda ( 1+ (3/)2) - 19

From this follows y'/y/1 + (y')? = const and, hence, y' = const. This in turn yields y(z) =
ar + b. The constants a and b are readily identified through the conditons y(x;) = y; and
y(x2) = ya2. One obtains

Y1 — Y2 (

— . 1.20
o1 =y T2) + Y2 (1.20)

y(x) =

Exercise 1.1.1: Show that the shortest path between two points on a sphere are great circles, i.e.,
circles whose centers lie at the center of the sphere.

1.2 Lagrangian Mechanics

The results of variational calculus derived above allow us now to formulate the Hamiltonian Prin-
ciple of Least Action of Classical Mechanics and study its equivalence to the Newtonian equations
of motion.

Threorem: Hamiltonian Principle of Least Action

The trajectories ¢(t) of systems of particles described through the Newtonian equations of motion

d ou
dt( ]qj) + 6‘]] O ) j 9~ ( )

are extremals of the functional, the so-called action integral,

sio) = [ a0 (1.22)

to

where L(G(t), G(t), t) is the so-called Lagrangian
: Mo
j=1

Presently we consider only velocity—independent potentials. Velocity—dependent potentials which
describe particles moving in electromagnetic fields will be considered below.
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For a proof of the Hamiltonian Principle of Least Action we inspect the Euler—-Lagrange conditions
associated with the action integral defined through (1.22, 1.23). These conditions read in the
present case

oL d /0L oU  d
Oq;  dt <3%> ! dq;  dt (mds) = 0 (129

which are obviously equivalent to the Newtonian equations of motion.

Particle Moving in an Electromagnetic Field

We will now consider the Newtonian equations of motion for a single particle of charge q with
a trajectory 7(t) = (x1(t),z2(t), z3(t)) moving in an electromagnetic field described through the
electrical and magnetic field components E(F, t) and B (7, t), respectively. The equations of motion
for such a particle are

d - . L _, _
Z(mi) = F(.); F(Rt) = qE(F.1) + %Ux B(7,1) (1.25)
where g—”: = ¥ and where F(7,t) is the Lorentz force.

The fields E(7,¢) and B(7,t) obey the Maxwell equations

1013
VxE + 123 = 1.26)
V-B =0 (1.27)
- - 4]
VxB - 12F = - (1.28)
V-E = 4mp (1.29)

-

where p(7, t) describes the charge density present in the field and J(7, t) describes the charge current
density. Equations (1.27) and (1.28) can be satisfied implicitly if one represents the fields through
a scalar potential V(7,t) and a vector potential A(7,t) as follows

B =VxA (1.30)

10A
_ - = 1.31
vV pn (1.31)

&=
1

Gauge Symmetry of the Electromagnetic Field

It is well known that the relationship between fields and potentials (1.30, 1.31) allows one to
transform the potentials without affecting the fields and without affecting the equations of motion
(1.25) of a particle moving in the field. The transformation which leaves the fields invariant is

A7 t) = A(Ft) + VK(7,1) (1.32)

VI(Ft) = V(Ft) — —=K(7t) (1.33)
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Lagrangian of Particle Moving in Electromagnetic Field

We want to show now that the equation of motion (1.25) follows from the Hamiltonian Principle
of Least Action, if one assumes for a particle the Lagrangian

) 1 -
L) = smi = qV(ii1) + LAt . (1.34)
C

For this purpose we consider only one component of the equation of motion (1.25), namely,

d oV q —
@ — = 2 L Yme B 1.
dt(mvl) 1 q . + . [T x BJ1 (1.35)
We notice using (1.30), e.g., B3 = g—ﬁf - g—‘;‘;
— = . . . 8142 8A1 . 8A1 8A3
Bl = By — 3By = —_— - —] - _— = — ] . 1.36
[U % ]1 T2 T3 2 T2 <8$1 81‘2) 3 (3:1)3 8{[}1 ( )
This expression allows us to show that (1.35) is equivalent to the Euler-Lagrange condition
d (0L oL
— (=) - == — 0. 1.
dt <8$1> 8901 0 ( 37)
The second term in (1.37) is
OL oV q [0A 0As 0A3
Rl PR ) i o2 — 1.38
Oz q8a:1 + c (8m1 v 0z1 T2+ 0x1 a:3> ( )
The first term in (1.37) is
d 6L o d . q dAl - d . q 8A1 . 8A1 6A1 .
dt <8—xl> a dt(mxl) * c dt dt(mxl) + c \ 0x1 o Oxra T2+ o3 t3) . (1.39)
The results (1.38, 1.39) together yield
d oV q
(i = —g— z 1.4
dt(mx1> qaxl + cO (1.40)
where
o VM, L O OA L 0A A 04
N 6$1 ! 61’1 2 6$1 3 6.%'1 ! 0:62 2 8.7}3 3
. [ 0As 0A; . [0A 0As
= — - —] - -— - = 1.41
2 <al‘1 8I2> 3 (8:63 8.%1 ) ( )

which is identical to the term (1.36) in the Newtonian equation of motion. Comparing then (1.40,
1.41) with (1.35) shows that the Newtonian equations of motion and the Euler-Lagrange conditions
are, in fact, equivalent.
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1.3 Symmetry Properties in Lagrangian Mechanics

Symmetry properties play an eminent role in Quantum Mechanics since they reflect the properties
of the elementary constituents of physical systems, and since these properties allow one often to
simplify mathematical descriptions.
We will consider in the following two symmetries, gauge symmetry and symmetries with respect to
spatial transformations.
The gauge symmetry, encountered above in connection with the transformations (1.32, 1.33) of elec-
tromagnetic potentials, appear in a different, surprisingly simple fashion in Lagrangian Mechanics.
They are the subject of the following theorem.
Theorem: Gauge Transformation of Lagrangian
The equation of motion (Euler-Lagrange conditions) of a classical mechanical system are unaffected
by the following transformation of its Lagrangian
1o RN dq o

L (q,qvt) = L(Qv%t) + %EK(q’t) (142)
This transformation is termed gauge transformation. The factor % has been introduced to make this
transformation equivalent to the gauge transformation (1.32, 1.33) of electyromagnetic potentials.
Note that one adds the total time derivative of a function K (7,¢) the Lagrangian. This term is

d oK oK oK oK oK
—K(rt) = —1 —d —1 — = (VK)-¥ + —. 1.43
) = gt gt gt t g = VR T (1.43)
To prove this theorem we determine the action integral corresponding to the transformed La-
grangian
" “ Vo o f N q .., 0
S'q@) = / dtL'(q.q,t) = / dtL(q,q,t) + — K(q.1)
to to c to

t1

= Slg] + K@)

(1.44)
to
Since the condition dq(tp) = d¢(t1) = 0 holds for the variational functions of Lagrangian Me-
chanics, Eq. (1.44) implies that the gauge transformation amounts to adding a constant term to
the action integral, i.e., a term not affected by the variations allowed. Omne can conclude then
immediately that any extremal of S’[¢(¢)] is also an extremal of S[q(t)].
We want to demonstrate now that the transformation (1.42) is, in fact, equivalent to the gauge
transformation (1.32, 1.33) of electromagnetic potentials. For this purpose we consider the trans-
formation of the single particle Lagrangian (1.34)
o q d

AF) -7+ LK) . (1.45)

: 1
L'(F,7t) = smi® — qV (7t

2

oI

Inserting (1.43) into (1.45) and reordering terms yields using (1.32, 1.33)

. 1 1 0K -
L(FRY) = gmi - g <V(F,t) - EW) % (A('F,t) + VK) i
1 =
= mi® — qV'(7.1) + %A’(F,t) 7. (1.46)
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—

Obviously, the transformation (1.42) corresponds to replacing in the Lagrangian potentials V (7, t), A(7,t)
by gauge transformed potentials V'(7,t), A (7,t). We have proven, therefore, the equivalence of
(1.42) and (1.32, 1.33).

We consider now invariance properties connected with coordinate transformations. Such invariance
properties are very familiar, for example, in the case of central force fields which are invariant with
respect to rotations of coordinates around the center.

The following description of spatial symmetry is important in two respects, for the connection
between invariance properties and constants of motion, which has an important analogy in Quantum
Mechanics, and for the introduction of infinitesimal transformations which will provide a crucial
method for the study of symmetry in Quantum Mechanics. The transformations we consider are
the most simple kind, the reason being that our interest lies in achieving familiarity with the
principles (just mentioned above ) of symmetry properties rather than in providing a general tool
in the context of Classical Mechanics. The transformations considered are specified in the following
definition.

Definition: Infinitesimal One-Parameter Coordinate Transformations

A one-parameter coordinate transformation is decribed through

7= 7(Fe), 7 cR¥ eecR (1.47)
where the origin of € is chosen such that
7(7,0) = 7. (1.48)
The corresponding infinitesimal transformation is defined for small € through

,
7(Fe) = 7 + eR(F) + O(&); R(F) = %—T (1.49)
€ le=0

In the following we will denote unit vectors as a, i.e., for such vectors holds ¢ -a = 1.

Examples of Infinitesimal Transformations

The beauty of infinitesimal transformations is that they can be stated in a very simple manner. In
case of a translation transformation in the direction € nothing new is gained. However, we like to
provide the transformation here anyway for later reference

7o=7+ €é. (1.50)
A non-trivial example is furnished by the infinitesimal rotation around axis é
7= 4+ eéxT. (1.51)

We would like to derive this transformation in a somewhat complicated, but nevertheless instructive
way considering rotations around the zs—axis. In this case the transformation can be written in

matrix form
T cose —sine 0 1

Ty = sine cose 0 x2 (1.52)
A 0 0 1 x3
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In case of small € this transformation can be written neglecting terms O(€?) using cose = 1+ O(e?),
sine = € + O(e?)

) 1 0 — O 1
h | = a2 | + | € 0 0 oy | + O(?). (1.53)
xh 3 0 0 O 3
One can readily verify that in case é = é3 (é; denoting the unit vector in the direction of the
xj—axis) (1.51) reads
Po=7 - To €1 + x1é2 (1.54)

which is equivalent to (1.53).

Anytime, a classical mechanical system is invariant with respect to a coordinate transformation
a constant of motion exists, i.e., a quantity C’(F,?’) which is constant along the classical path of
the system. We have used here the notation corresponding to single particle motion, however, the
property holds for any system.

The property has been shown to hold in a more general context, namely for fields rather than only
for particle motion, by Noether. We consider here only the ‘particle version’ of the theorem. Before
the embark on this theorem we will comment on what is meant by the statement that a classical
mechanical system is invariant under a coordinate transformation. In the context of Lagrangian
Mechanics this implies that such transformation leaves the Lagrangian of the system unchanged.
Theorem: Noether’s Theorem

If L(q,c'], ) is invariant with respect to an infinitesimal transformation ¢ = ¢ + e@(cj’), then
Z 1 QJ% is a constant of motion.

We have generalized in this theorem the definition of infinitesimal coordinate transformation to
M—dimensional vectors ¢.

In order to prove Noether’s theorem we note

4G = aq + 6Q;ﬁ (1.55)

]
@ =4 + ez QJ : (1.56)

Inserting these infinitesimal changes of ¢; and ¢; into the Lagrangian L(q, (j’, t) yields after Taylor
expansion, neglecting terms of order O(e?),

: - oL AL 90,
L(G&.4) = LGt Lo, gL, 1.
(7, q,1) (@ q,t) + 6;6%% + 6%;1 94, o (1.57)

where we used %Qj = Ekle(%Qj)qk. Invariance implies L' = L, i.e., the second and third term

in (1.57) must cancel each other or both vanish. Using the fact, that along the classical path holds

the Euler-Lagrange condition g—(f = %(g—éf) one can rewrite the sum of the second and third term
J J

n (1.57)

M oL oL d

Zl (Qj dt (8(] ) + 8q dt > ZQJ 8qj =0 (1.58)
j:

From this follows the statement of the theorem.
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Application of Noether’s Theorem

We consider briefly two examples of invariances with respect to coordinate transformations for the
Lagrangian L(7,7) = smu? — U(7).

We first determine the constant of motion in case of invariance with respect to translations as
defined in (1.50). In this case we have Q; = é;-€, j = 1,2,3 and, hence, Noether’s theorem yields
the constant of motion (¢; = z;, j =1,2,3)

5oL :
D Qig = e Y gmay = é-mi, (1.59)

j=

We obtain the well known result that in this case the momentum in the direction, for which
translational invariance holds, is conserved.

We will now investigate the consequence of rotational invariance as described according to the
infinitesimal transformation (1.51). In this case we will use the same notation as in (1.59), except
using now Q; = é; - (é x 7). A calculation similar to that in (1.59) yields the constant of motion
(¢ x 7) -m@. Using the cyclic property (@x b)-& = (bx &)-@ = (&x @)-b allows one to rewrite the
constant of motion é- (7 x mt) which can be identified as the component of the angular momentum
m7 X U in the é direction. It was, of course, to be expected that this is the constant of motion.
The important result to be remembered for later considerations of symmetry transformations in
the context of Quantum Mechanics is that it is sufficient to know the consequences of infinitesimal
transformations to predict the symmetry properties of Classical Mechanics. It is not necessary to
investigate the consequences of global. i.e, not infinitesimal transformations.



