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Problem 1
(a) (

E0 U
U E0

)(
α
β

)
= E

(
α
β

)
=⇒

(
E0 − E U
U E0− E

)
=⇒

(
α
β

)
= 0

=⇒
∣∣∣∣ E0 − E U

U E0− E

∣∣∣∣ = 0

=⇒ U2 − (E0 − E)2 = 0

=⇒ E = E0 ± U

E1 = E0 + U =⇒ α = β =⇒ φ1 =
1√
2

(
1
1

)
E2 = E0 − U =⇒ α = −β =⇒ φ2 =

1√
2

(
1
−1

)
Since the initial wavefunction is ψ0 =

(
1
0

)
= 1√

2
(φ1 + φ2) , then the wave-

function at time t is

ψ(t) =
1√
2

(φ1e
−iE1t
h̄ + φ2e

−iE2t
h̄ )

=
1√
2

(
1√
2

(
e
−it(E0+U)

h̄

e
−it(E0+U)

h̄

)
+

1√
2

(
e
−it(E0−U)

h̄

−e
−it(E0−U)

h̄

)
)

=
1
2

(
2cos(uth̄ )
−2isin(uth̄ )

)
e
−iE0t
h̄

(b)
Since

ψ(t) =
(

cos(uth̄ )
−isin(uth̄ )

)
e
−iE0t
h̄

the probability of finding the system in the state —2¿ at time t is |− isinuth̄ |
2 =

sin2 ut
h̄

(c) Since

H =
(

0 1
1 δ

)

1



follow the same precedure in the previous part we can get E1 = 1
2δ + 1

2

√
δ2 + 4

φ1 =
(

1
2

√
δ2 + 4− 1

2δ
1

)
 E2 = 1

2δ −
1
2

√
δ2 + 4

φ2 =
(
− 1

2

√
δ2 + 4− 1

2δ
1

)
note: φ1 and φ2 are not normalized.
We know

ψ0 =
(

1
0

)
=

1√
δ2 + 4

(φ1 − φ2)

then at time t

ψ(t) =
1√

δ2 + 4

(
( 1

2

√
δ2 + 4− 1

2δ)e
−iE1t
h̄ + ( 1

2

√
δ2 + 4 + 1

2δ)e
−iE2t
h̄

−2isin
1
2 t
√
δ2+4

h̄

)

=
1√

δ2 + 4
e
−iδt
2h̄

( √
δ2 + 4cos( t

√
δ2+4
2h̄ ) + iδsin(

√
δ2+4t
2h̄ )

−2isin( t
√
δ2+4
2h̄ )

)

the probability of finding the system in |2 > is

1√
δ2 + 4

∗ 4 ∗ sin2(
√
δ2 + 4t
2h̄

) =
4√

δ2 + 4
sin2(

√
δ2 + 4t
2h̄

)

plug in δ = 0, 0.1, 1, 1, 10 , we can find the wavefunction and probability for each
δ

Problem 2
(a)
We know( here I use µ for mass to avoid confusion)

H0 =
p2

2µ
+

1
2
µω2x2

 a+ =
√

µω
2h̄ x−

i√
2µh̄ω

p

a− =
√

µω
2h̄ x+ i√

2µh̄ω
p

=⇒ x =

√
h̄

2µω
(a+ + a−)
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Then we have

Ha = H0 − µω2ax

= H0 − µω2a

√
h̄

2µω
(a+ + a−)

= H0 −A(a+ + a−)

whereA ≡ µω2a
√

h̄
2µω = ωa

√
µh̄ω

2 The matrix element of Ha is

< m|Ha|n > = (
1
2

+ n)δmn −A < m|a+|n > −A < m|a−|n >

= (
1
2

+ n)δmn −
√
n+ 1 δm,n+1 −

√
n δm,n−1

note:we use a+|n >=
√
n+ 1|n > and a−|n >=

√
n|n − 1 > in the derivation

above.
Now we can write Ha down.

Ha =



1
2 h̄ω −A 0 · · · 0
−A 3

2 h̄ω −A
√

2 · · · 0

0 −A
√

2 5
2 h̄ω

. . . 0
...

...
. . . . . . −A

√
n

0 0 0 −A
√
n ( 1

2 + n)h̄ω


where n→∞
(b)

Ha =
1
2
µω2x2 +

p2

2µ
− µω2ax

=
1
2
µω2(x2 − 2ax) +

p2

2µ

=
1
2
µω2(x− a)2 +

p2

2µ
− 1

2
µω2a2

It’s similar to non-displaced oscillator if replace x − a with x. It is easy to see
te ground state energy is

Egroundstate = −1
2
µω2a2 +

1
2
h̄ω = h̄ω(

1
2
− µω

2h̄
a2)

(c)
assume |0>a=

∑∞
n=0 Cn|n>0, then

Ha|0>a= Ha

∞∑
n=0

Cn|n>0
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=⇒0<m|Ha|0>a=
∞∑
n=0

Cn 0<m|Ha|0>0=
∞∑
n=0

CnHmn

LHS = 0<m|Ha|0>a
= E0a 0< m|0 >a

=
∞∑
n=0

E0a 0< m|Cn|n >0

=
∞∑
n=0

E0aCnδmn

=⇒
∞∑
n=0

E0aCnδmn =
∞∑
n=0

CnHmn

=⇒
∞∑
n=0

(Hn − E0aδmn) = 0

(d)
Here I use other method instead of the recursion equation of Cn
For undisplaced oscillator

φn(x) =
α

1
2√

2nn!
√
π
e−

α2x2
2 Hnx

For displaced oscillator (gound state)

φa0 = α
1
2π−

1
4 e−

α2(x−a)2

2

The following formula will be used in the derivation∫ ∞
−∞

dxe−x
2
Hn(x)Hl(x) = 2nn!

√
πδnl

e2tx−t2 =
∞∑
l=0

Hl(x)
l!

tl

∫ ∞
−∞

dxe−x
2

=
√
π

assume φa0 = Cn
∑∞
n=0 φn

=⇒ Cn =
∫ ∞
−∞

dxφa0φn
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= α
1
2π−

1
4

α
1
2√

2nn!
√
π

∫ ∞
−∞

dx e
−α2(2x2−2xa+a2)

2 Hn(αx)

=
α√

2nn!
√
π

∫ ∞
−∞

dx e−(α2x2−α2ax+α2a2
2 )Hn(αx)

y=αx
=

1√
2nn!
√
π

∫ ∞
−∞

dy e−(y2−αay+α2a2
2 )Hn(y)

=
e−

1
4a

2α2√
2nn!
√
π

∫ ∞
−∞

dy e−y
2
e2( aα2 )y−( aα2 )2

Hn(y)

=
e−

1
4a

2α2√
2nn!
√
π

∫ ∞
−∞

dy e−y
2
∞∑
l=0

Hl(y)
l!

(
aα

2
)lHn(y)

=
e−

1
4a

2α2√
2nn!
√
π

∞∑
l=0

(aα2 )l

l!
2ll!
√
πδmn

=
e−

1
4a

2α2√
2nn!
√
π

(aα2 )n

n!
2nn!
√
π

=
(aα)n√

2nn!
e−

1
4a

2α2

Obviously
C0 = e−

1
4a

2α2

Cn =
(aα)n√

2nn!
c0

It is easy to plot C2
n as function of n.

Problem 3
(a)

H =


E0 −t 0 0 0 −t
−t E0 −t 0 0 0
0 −t E0 −t 0 0
0 0 −t E0 −t 0
0 0 0 −t E0 −t
−t 0 0 0 −t E0


(Hψn)k = −tψn,k−1 + E0ψn,k − tψn,k+1

= −t(ψn,k−1 + ψn,k+1) + E0ψn,k

= −tNn(ei
2nπ

6 (k−1) + ei
2nπ

6 (k+1)) + E0Nne
i 2nπ

6 k

= Nne
i 2nπ

6 k(E0 − 2tcos
2nπ

6
)

= En(ψn)k
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=⇒ En = E0 − 2tcos
2nπ

6
Plot the energies(n=1,2,3,4,5,6) . The corresponding eigenstates are

ψn1

ψn2

ψn3

ψn4

ψn5

ψn6

 (n = 1, 2, 3, 4, 5, 6)

(b)
For 2N -dimensional Hamiltonian of the same type, follow the same procedure
in part a):

ψn =


ψn1

ψn2

...
ψn,2N

 ψnm = Anexp(i
2mnπ

2N
)

(Hψn)k = −tψn,k−1 + E0ψn,k − tψn,k+1

= Ane
i 2nπ

2N k(E0 − 2tcos
2nπ
2N

)

= En(ψn)k

where

En = E0 − 2tcos(
2nπ
2N

)

= E0 − 2tcos(
nπ

N
)

while 2N = 16, En = E0 − 2tcosnπ8 . Plot the energies for n = 1, 2, 3, · · · , 16

Problem 4
(a)

H =


E0 −t 0 0 0 0
−t E0 −t 0 0 0
0 −t E0 −t 0 0
0 0 −t E0 −t 0
0 0 0 −t E0 −t
0 0 0 0 −t E0


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assume

ψn =


ψn1

ψn2

ψn3

ψn4

ψn5

ψn6


where ψnm = Nnsin

2mnπ
7

(Hψn)k = −t(ψn,k−1 + ψn,k+1) + E0ψnk

= −tNn(sin
2nπ(k − 1)

7
+ sin

2nπ(k + 1)
7

) + E0Nnsin
2nπk

7

= −tNn2sin
2nπk

7
cos

2nπ
7

+ E0Nnsin
2nπk

7

= (Nnsin
2nπk

7
)(E0 − 2tcos

2nπ
7

)

= En(ψn)k

where En = E0 − 2tcos2nπ
7 we need to prove (Hψn)k = En(ψn)k are satisfied

when k=1 or 6.

(Hψn)1 = −tψn2 + E0ψn1

= −tNnsin
2nπ · 2

7
+ E0Nnsin

2nπ
7

= −tNn 2sin
2nπ

7
cos

2nπ
7

+ E0Nnsin
2nπ

7

= (Nnsin
2nπ

7
)(E0 − 2tcos

2nπ
7

)

= Enψn1

(Hψn)6 = −tψn5 + E0ψn6

= −tNnsin
2nπ · 5

7
+ E0Nnsin

2nπ · 6
7

+ EnNnsin
2nπ · 7

7
(the last term above is equal 0)

= −t ·Nn(sin
2nπ · 5

7
+ sin

2nπ · 7
7

) + E0Nnsin
2nπ · 6

7

= −tNn · 2sin
2nπ · 6

7
cos

2nπ
7

+ E0Nnsin
2nπ · 6

7

= (Nnsin
2nπ · 6

7
)(E0 − 2tcos

2nπ
7

)

= Enψn6

7



From above we know

En = E0 − 2tcos
2nπ

7
(n = 1, 2, · · · , 6)

(b)
For the case of 2N-dimension follow the same procedure, we can get

En = E0 − 2tcos(
2nπ

2N + 1
)

(c)
Plot eigenvalues for N = 3, 11.
Plot all eigenstates for N = 3.
Problem 5
(a)
the Hamiltonian is

H =


E0 w 0 · · · w
w E0 w · · · 0
0 w E0 · · · 0
...

...
...

. . .
...

w 0 0 · · · E0


It is a 16*16 matrix
w is the potential due to interaction between molecules in the nearest neighbour.
Obviously when we rotate the ring by 360o

16 = 22.5o,The ring is the same as it is
before rotation and the Hamiltonian is not changed.

(b) 2N = 16. Do the same as we did in problem 3, we can prove(8,9) are
eigenstates with eigenvalues

En = E0 − 2wcos
2nπ
16

= 1.5− 2wcos
2nπ
16

now we evaluate w:
assume θ is angle between the directions of two neighboring chlorophyl, obvi-
ously θ = 22.5o

wjk = C

(
~dj · ~dk
rjk3

− 3(~rjk · ~dj) (~rjk · ~dk)
rjk5

)

~dj · ~dk = cosθ

rjk = 2Rsin
θ

2
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~rjk · ~dj = ~rjk · ~dk = Rsin
θ

2
C = 100, R = 46

=⇒ w = wjk =
C(cosθ − 0.75)

8R3sin3 θ
2

= 0.003

=⇒ En = 1.5− 0.006 · cos2nπ
16

the lowest 5 energies are:

E16 = 1.494ev
E15 = E1 = 1.49446ev
E14 = E2 = 1.49675ev

(c)
the hamiltonian for 2 rings is :

H =



E0 w 0 · · · w
w E0 w · · · 0
0 w E0 · · · 0
...

...
...

. . .
...

w 0 0 · · · E0

0 0 0 · · · 0
0 0 0 · · · 0
0 0 0 · · · 0
...

...
...

. . .
...

wrr 0 0 · · · 0
0 0 0 · · · wrr
0 0 0 · · · 0
0 0 0 · · · 0
...

...
...

. . .
...

0 0 0 · · · 0

E0 w 0 · · · w
w E0 w · · · 0
0 w E0 · · · 0
...

...
...

. . .
...

w 0 0 · · · E0


where wrr is the interaction term between 2 rings.

wint = C

(
~d1 · ~d2

r12
3
− 3(~r12 · ~d1) (~r12 · ~d2)

r12
5

)
~d1 · ~d2 = −1

r12 = 110− 2 ∗ 46 = 12
~r12 · ~d1 = ~r12 · ~d2 = 0

wint = − C

r3
12

= −100
123

= −0.058

We use mathematica to solve eigenvalues and eigenvectors.
The probability of finding electronic excitation in ring 2 is also calculated in
methematica notebook.
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